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In the Standard Model (SM) we calculate the decay rate of the neutron radiative β−–decay to
order O(α2/pi2 ∼ 10−5), where α is the fine–structure constant, and radiative corrections to order
O(α/pi ∼ 10−3). The obtained results together with the recent analysis of the neutron radiative
β−–decay to next–to–leading order in the large proton–mass expansion, performed by Ivanov et al.
Phys. Rev. D 95, 033007 (2017), describe recent experimental data by the RDK II Collaboration
(Bales et al., Phys. Rev. Lett. 116, 242501 (2016)) within 1.5 standard deviations. We argue
a substantial influence of strong low–energy interactions of hadrons coupled to photons on the
properties of the amplitude of the neutron radiative β−–decay under gauge transformations of real
and virtual photons.
PACS numbers: 12.15.Ff, 13.15.+g, 23.40.Bw, 26.65.+t
I. INTRODUCTION
During a long period the radiative β−–decay of a free neutron n→ p+ e−+ ν¯e+ γ was used as an auxiliary process
in the analysis of the radiative corrections to the neutron β−–decay for the cancellation of infrared divergences,
coming from the virtual photon exchanges [1]–[7]. Only starting from 1996 it has been accepted as a physical process
because of the work by Gaponov and Khafizov [8], who made first calculation of the energy spectrum and the decay
rate. Then, the neutron radiative β−–decay was reinvestigated in [9] and [10, 11]. The first experimental data
BRβγ = 3.13(35)× 10−3 and BRβγ = 3.09(32)× 10−3, measured by Nico et al. [12] and Cooper et al. [13], for the
photon–energy region 15 keV ≤ ω ≤ 340 keV, were in agreement within one standard deviation with the theoretical
values BRβγ = 2.87 × 10−3 [10] and BRβγ = 2.85 × 10−3, calculated by Gardner [12] using the theoretical decay
rate, published in [9]. Recently new precise experimental values of the branching ratios of the radiative β−–decay of
a free neutron have been reported by the RDK II Collaboration Bales et al. [14]: BR
(exp)
βγ = 3.35(16) × 10−3 and
BR
(exp)
βγ = 5.82(66)× 10−3, measured for the photon–energy regions 14 keV ≤ ω ≤ 782 keV and 0.4 keV ≤ ω ≤ 14 keV,
respectively. Recently [15] the rate of the neutron radiative β−–decay has been recalculated in the Standard Model
(SM) and in the tree–approximation to next–to–leading order in the large proton mass expansion by taking into
account the contributions of the weak magnetism and proton recoil. As has been found the new theoretical values
of the branching ratios BRβγ = 3.04 × 10−3 and BRβγ = 5.08 × 10−3, calculated for experimental photon–energy
regions 14 keV ≤ ω ≤ 782 keV and 0.4 keV ≤ ω ≤ 14 keV, respectively, agree with new experimental values BR(exp)βγ =
3.35(16)× 10−3 and BR(exp)βγ = 5.82(66)× 10−3 only within 2 and 1.2 standard deviations. As has been shown in [15]
the relative contributions of the weak magnetism and proton recoil to the branching ratios of the neutron radiative
β−–decay are of about 0.7%. Of course, these contributions are small compared to the error bars of the experimental
values but they are by a factor 4 larger than the contribution of the weak magnetism and proton recoil 0.16% to
the rate of the neutron β−–decay [10]. As has been pointed out in [15] the contributions to the rate of the neutron
radiative β−–decay, calculated in the SM and in the tree–approximation to next–to–leading order in the large baryon
mass expansion including the contributions of baryon resonances (see, for example, Bernard et al. [9]), cannot in
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2FIG. 1: The Feynman diagrams, defining the contribution to the amplitude of the neutron radiative β−–decay in the tree–
approximation to order e.
FIG. 2: The Feynman diagrams, defining the contribution to the amplitude of the neutron radiative β−–decay of order e3,
caused by pure QCD.
principle exceed 1.5%. So one may expect some tangible contributions only beyond the tree–approximation, taking
into account, for example, one–virtual–photon exchanges to leading order in the large proton mass expansion, i.e. the
radiative corrections of order O(α/π). We would like to remind that radiative corrections of order O(α/π) change
the rate of the neutron β−–decay by about 3.75% [10, 15]. Because of an enhancement of the contributions of order
1/M , where 2M = mn +mp is an averaged nucleon mass [10, 15], to the rate of the neutron radiative β
−–decay, one
may also expect an enhancement of the relative contributions of the radiative corrections of order O(α/π).
For the first time the radiative corrections of order O(α/π) for the analysis of T –odd momentum correlations in the
neutron radiative β−–decay to order O(α2/π2) have been calculated by Gardner and He [16, 17]. In this paper we
give a complete analysis of the radiative corrections to order O(α/π) to the rate of the neutron radiative β−–decay,
caused by pure Quantum Electrodynamics (QED), where photons couple to point–like proton and electron with a
contribution of strong low–energy interactions defined by the axial couping constant λ only.
FIG. 3: The Feynman diagrams, defining the main contribution to the amplitude of the neutron radiative β−–decay of order
e3.
3FIG. 4: The Feynman diagrams, responsible for restoration of gauge invariance of the Feynman diagrams Fig. 3c and Fig. 3d.
FIG. 5: The Feynman diagrams, defining the main contribution of order O(α2/pi2) to the rate of the neutron radiative β−–decay
n→ p+ e− + ν¯e + γ + γ with one detected and one undetected photon.
A complete set of Feynman diagrams, describing the amplitude of the neutron radiative β−–decay in the tree and
one–loop approximation, are shown in Fig. 1, Fig. 2, Fig. 3, Fig. 4 and Fig. 5, respectively. In Fig. 1, Fig. 2, Fig. 3 and
Fig. 4 the states of real and virtual photons with 4–momenta k and q, respectively, are described by the polarization
vector ε∗λ′(k) with λ
′ = 1, 2 and a Green function Dαβ(q) = (ηαβ−(1−ξ) qαqβ/q2)/(q2+i0) [10], where the polarization
vector obeys the constraint ε∗λ′(k) · k = 0 with k2 = 0 and ξ is a gauge parameter. The Feynman diagrams in Fig. 5
describe a neutron radiative β−-decay with two real photons in the final state. Integrating over degrees of freedom
of one of the photons one obtains the contribution of order O(α2/π2) to the rate of the neutron radiative β−–decay
with one real photon in the final state. The contributions of strong low–energy hadronic interactions in the Feynman
diagrams Fig. 1, Fig. 2, Fig. 3, Fig. 4 and Fig. 5 (see also Fig. 6) are denoted by shaded regions.
The contributions of pure QED are given by the Feynman diagrams in Fig. 1a, Fig. 1b, Fig. 2 and Fig. 5, where real
and virtual photons couple to the point–like proton and electron and strong low–energy hadronic and electromagnetic
FIG. 6: The Feynman diagrams, defining the main contribution of the radiative corrections of order O(α/pi), caused by
one–virtual photon exchanges, to the neutron β−–decay ( see Sirlin [5]).
4interactions are factorized. The contribution of strong low–energy interactions is described by the axial coupling
constant λ only. In the diagram Fig 1c a real photon is emitted by a hadronic block. In spite of a possible dependence
of the contribution of this diagram on electron and photon energies it has been neglected in the first calculations of
the neutron radiative β−–decay by Gaponov and Khafizov [8] and in the subsequent calculations by Bernard et al.
[9] and Ivanov et al. [10, 15]. In this paper we also accept such an approximation. We neglect the contributions
of all Feynman diagrams, where even if one photon (real or virtual) is emitted or absorbed by a hadronic block. In
section IV we propose a justification of the neglect of the contribution of the diagram in Fig. 1c. However, an analysis
of contributions of strong low–energy hadronic interactions in the diagrams in Fig. 3 and Fig. 4 demands a special
consideration and goes beyond the scope of this paper.
It is well known that the amplitude of the neutron radiative β−–decay should be gauge invariant. This means
that when making a gauge transformation of a real photon wave function, i.e. replacing the photon polarization
vector ε∗λ′(k) by ε
∗
λ′(k) → ε∗λ′(k) + c k, where c is an arbitrary constant, the contribution proportional to c k should
vanish [18] (see also [19]). In Appendices A and B of the Supplemental Material we investigate the properties of
Feynman diagrams in Fig. 1 and Fig. 2 with respect to a gauge transformation ε∗λ′(k) → ε∗λ′(k) + c k. By means
of a direct calculation we show that in Fig. 1 the sum of the diagrams Fig. 1a and Fig. 1b is gauge invariant. This
implies that the diagram Fig. 1c should be gauge invariant by itself. In turn, in Fig. 2 the diagrams with photons
coupled to the proton (Fig. 2a, Fig. 2b and Fig. 2c) and electron (Fig. 2d, Fig. 2e and Fig. 2f) are invariant under a
gauge transformation ε∗λ′(k)→ ε∗λ′(k)+ c k separately. We show that invariance of the diagrams in Fig. 2 with respect
to a gauge transformation ε∗λ′(k) → ε∗λ′(k) + c k leads to Ward identities, which impose well–known constraints
on the renormalization parameters [18] and certain constraints on the structure functions (see Appendix B of the
Supplemental material). It is important to emphasize that to leading order in the large proton mass expansion the
contribution of the diagram in Fig. 1a is proportional to the time–component of the photon polarization vector ε0∗λ′ (k),
which vanishes in the physical gauge ε∗λ′(k) = (0, ~ε
∗
λ′(
~k )), where the polarization vector ~ε ∗λ′(
~k ) obeys the constraint
~k · ~ε ∗λ′(~k ) = 0 [20] (see also [10, 15, 21]). As has been shown in [8–10, 15] the contribution of the diagrams in Fig. 1,
taken to leading order in the large proton mass expansion with a real photon in the physical gauge ε∗λ′(k) = (0, ~ε
∗
λ′(
~k )),
describes well the main part of the branching ratio of the neutron radiative β−–decay (see Table I).
As regards the diagrams in Fig. 2, to leading order in the large proton mass expansion the contribution of the
diagrams Fig. 2a, Fig. 2b and Fig. 2c becomes proportional to ε0∗λ′ (k) and vanishes in the physical gauge ε
∗
λ′(k) =
(0, ~ε ∗λ′(
~k )). As a result, only the diagrams Fig. 2d, Fig. 2e and Fig. 2f give a contribution to the amplitude of the
neutron radiative β−–decay, calculated to leading order in the large proton mass expansion with a real photon in the
physical gauge ε∗λ′(k) = (0, ~ε
∗
λ′(
~k )) (see Appendix B of the Supplemental Material).
According to Sirlin [5], the contributions of the Feynman diagrams with one–loop corrections, which are shown in
Fig. 2, Fig. 3 and Fig. 4, should be also invariant under a gauge transformation of a virtual photon, which reduces
to a redefinition of a longitudinal part of a photon Green function Dαβ(q) → Dαβ(q) + c(q2) qαqβ , where c(q2) is
an arbitrary function of q2 [5]. In Appendix B of the Supplemental Material we show that the contributions of the
diagrams in Fig. 2 are invariant also under a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ .
Unlike the Feynman diagrams in Fig. 2 the properties and calculation of the set of Feynman diagrams in Fig. 3 and
Fig. 4 are not so simple and transparent. In Appendix C of the Supplemental Material we show that the contributions
of the diagrams Fig. 3a and Fig. 3b, where strong low–energy and electromagnetic interactions are factorized, vanish
after renormalization of masses and wave functions of the proton and electron. In turn, the diagrams Fig. 3c and
Fig. 3d cannot be treated separately from the diagrams in Fig. 4, since by themselves they are not invariant under
gauge transformations ε∗λ′(k) → ε∗λ′(k) + c k and Dαβ(q) → Dαβ(q) + c(q2) qαqβ . Following Sirlin [5] we assume
that required gauge invariance can be fulfilled only for a sum of the Feynman diagrams Fig. 3c, Fig. 3d and Fig. 4,
where strong low–energy hadronic and electromagnetic interactions are overlapped and photons (real and virtual) are
emitted or absorbed by a hadronic block.
Such an assertion is not proved but based on the following observation. After a removal of the lines of a real photon
emission the diagrams Fig. 3c and Fig. 3d reduce themselves to the diagram Fig. 6a, which, as has been shown by Sirlin
[5], gives the main contribution of the radiative corrections of order O(α/π) to the rate of the neutron β−–decay.
However, the diagram Fig. 6a by itself is not invariant under a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ .
As has been pointed out by Sirlin [5], only a sum of the diagrams in Fig. 6 should be gauge invariant. However,
an exact calculation of the diagrams Fig. 6b and Fig. 6c demands a certain model of strong low–energy interactions
of hadrons coupled to photons at low energies. Nevertheless, Sirlin, using the current algebra approach [5, 22], has
succeeded in showing that the contributions of the diagrams Fig. 6b and Fig. 6c do not depend on the electron energy
Ee. Such a remarkable property of these diagrams has allowed Sirlin to decompose the contribution of the diagram
Fig. 6a into invariant and non–invariant parts with respect to a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ
in such a way that a gauge–non–ivariant part does not depend on the electron energy. Then, a constant gauge–
non–invariant part has been merely absorbed by formal renormalization of the Fermi weak coupling constant GF
5and the axial coupling constant λ. We would like to emphasize that, unfortunately, the diagrams Fig. 3c and Fig. 3d
do not possess such a remarkable property. Nevertheless, it is obvious that different insertions of real photon lines
transform the diagrams in Fig. 6 into a set of Feynman diagrams Fig. 3c, Fig. 3d and Fig. 4 and should not destroy
gauge properties of these diagrams with respect to a gauge transformationDαβ(q)→ Dαβ(q)+c(q2) qαqβ . As a result,
the analytical analysis of the diagrams Fig. 3c, Fig. 3d and Fig. 4, which is performed in Appendices C and D of the
Supplemental Material, runs as follows. Firstly, we show that to leading order in the large proton mass expansion
the diagram Fig. 3d, calculated with the contribution of strong low–energy hadronic interactions given by the axial
coupling constant λ only, vanishes in the physical gauge of a real photon ε∗λ′(k) = (0, ~ε
∗
λ′(
~k )). Secondly, we calculate
the diagram Fig. 3c to leading order in the large proton mass expansion and in the physical gauge of a real photon.
After that we decompose the contribution of the diagram Fig. 3c into invariant and non–invariant part with respect
to a gauge transformation Dαβ(q) → Dαβ(q) + c(q2) qαqβ . Keeping only the part, that is invariant under a gauge
transformationDαβ(q)→ Dαβ(q)+c(q2) qαqβ, and removing from it a part independent of the electron Ee and photon
ω energy by renormalization of the Fermi weak coupling and axial coupling constant, we obtain a contribution, which
can be accepted as a physical contribution of the diagram Fig. 3c to the amplitude and rate of the neutron radiative
β−–decay to order O(α2/π2). What then is the role of the Feynman diagrams in Fig. 4 ?
As regards the diagrams in Fig. 4, since the contribution of them cannot be calculated in a model–independent way,
we follow Sirlin [5] and assume that the diagrams in Fig. 4 i) cancel a gauge–non–invariant part of the diagram Fig. 3c,
determined relative to a gauge transformation Dαβ(q) → Dαβ(q) + c(q2) qαqβ , and the rest ii) either vanishes to
leading order in the proton mass expansion in the physical gauge of a real photon ε∗λ′(k) = (0, ~ε
∗
λ′(
~k )) (see Appendix
D of the Supplemental Material) or iii) is a constant, which can be absorbed by renormalization of the Fermi coupling
constant GF and the axial coupling constant λ. This agrees also well with an assumption that different insertions of
real photons’ lines into the diagrams in Fig. 6 do not corrupt the properties of the Feynman diagrams in Fig. 3c, Fig. 3d
and Fig. 4 under a gauge transformation of a photon Green function Dαβ(q)→ Dαβ(q) + c(q2) qαqβ even if to leading
order in the large proton mass expansion. In Appendix D of the Supplemental Material we analyse the contributions
of the diagrams Fig. 4f and Fig. 4g, where strong low–energy interactions are given by the axial coupling constant λ
only. We show that to leading order in the large proton mass expansion the contributions of these diagrams vanish.
Hence, an important contribution, which may cancel a gauge–non–invariant part of the diagram Fig. 3c, is able to
come only from the diagrams, where a real or virtual photon couple to a hadronic block.
The diagram in Fig. 5 defines one of a set of Feynman diagrams of the neutron radiative β−–decay with emission
of two real photons. Such a process with one undetected photon can imitate a contribution of order O(α2/π2) to
the rate of the neutron radiative β−–decay. All diagrams of the neutron radiative β−–decay with emission of one
or two photons by the proton, calculated to leading order in the large proton mass expansion, do not contribute to
the rate of the neutron radiative β−–decay in the physical gauge of real photons. Then, the contributions of the
diagrams with emission of photons from the hadronic blocks are neglected (see a discussion in section IV). Thus,
in the accepted approximation the main contribution to the rate of the neutron radiative β−–decay is defined by
the Feynman diagrams in Fig. 5 with the account for the contributions, caused by symmetry of the final state with
respect to symmetry properties of the two photons in the final state of the decay. For the analytical calculation of
the diagram in Fig. 5 the contribution of strong low–energy interactions is defined by the axial coupling only. The
analytical calculation of the diagrams in Fig. 5 is given in Appendix E of the Supplemental Material.
The paper is organized as follows. In section II we give a short description of the renormalization procedure
of effective low–energy electroweak interactions for the neutron radiative β−–decay. In section III we adduce the
contributions of the Feynman diagrams in Fig. 1, Fig. 2, Fig. 3, Fig. 4 and Fig. 5 to the rate of the neutron radiative
β−–decay . The numerical values of the branching ratio of the neutron radiative β−–decay for the three regions of
photon energies i)15 keV ≤ ω ≤ 350 keV, ii) 14 keV ≤ ω ≤ 782 keV and iii) 0.4 keV ≤ ω ≤ 14 keV, are given in Table I.
In section IV we discuss the obtained results. In the Supplemental Material we give i) detailed analytical calculations
and analysis of the contributions of Feynman diagrams in Fig. 1, Fig. 2, Fig. 3, Fig. 4 and Fig. 5 to the amplitude and
rate of the neutron radiative β−–decay.
Of course, we have to confess that the main problem of our analysis of the radiative corrections to order O(α/π),
defining corrections to order O(α2/π2) to the rate of the neutron radiative β−–decay, concerns the contributions of
diagrams with real or virtual photons coupled to a hadronic block. A justification of our assumption concerning the
properties of these diagrams within a certain model of strong low–energy interactions of hadrons coupled to photons
should be important for a confirmation of the approximation accepted in this paper and the results obtained therein.
We would like to accentuate that unlike a passive role of strong low–energy hadronic interactions in the radiative
corrections of order O(α/π) to the rate of the neutron β−–decay, strong low–energy interactions of hadrons coupled
to real and virtual photons in the diagrams in Fig. 4, should play a more important role, going beyond a formal
renormalization of the Fermi weak coupling and axial coupling constant, but give some contributions, which depend
on the electron and photon energies and momenta, and should cancel a gauge–non–invariant part of the diagram
Fig. 3c. The observed peculiarities of the Feynman diagrams Fig. 3 and Fig. 4 agree well with an important role of
6strong low–energy hadronic interactions in decay processes that have been already pointed out by Weinberg [23].
Thus, the problem of strong low–energy hadronic interactions in the neutron radiative β−–decay to order O(α2/π2)
demands a special analysis and we are planning to perform such a model–dependent analysis of the neutron radiative
β−–decay to order O(α2/π2) in our forthcoming publication.
II. RENORMALIZATION PROCEDURE OF EFFECTIVE LOW–ENERGY ELECTROWEAK
INTERACTIONS FOR THE NEUTRON RADIATIVE β−–DECAY
In the Standard Model of electroweak interactions the neutron radiative β−–decay, defined in the one–loop approx-
imation with one–virtual–photon exchanges, is described by the following interactions
Lint(x) = LW(x) + Lem(x), (1)
where LW(x) is the effective Lagrangian of low–energy V − A interactions with a real axial coupling constant λ =
−1.2750(9) [24] (see also [10, 15])
LW(x) = −GF√
2
Vud [ψ¯p(x)γµ(1 + λγ
5)ψn(x)] [ψ¯e(x)γ
µ(1− γ5)ψν(x)], (2)
whereGF = 1.1664×10−11MeV−2 is the Fermi coupling constant, and |Vud| = 0.97417(21) is the Cabibbo–Kobayashi–
Maskawa matrix element [25]. Then, ψp(x), ψn(x), ψe(x) and ψν(x) are the field operators of the proton, neutron,
electron and antineutrino, respectively, and γµ and γ5 are the Dirac matrices [18]. Since we calculate the radiative
corrections of order O(α/π) to the neutron radiative β−–decay to leading order in the large proton mass expansion,
in the effective Lagrangian LW(x) we do not take into account the contribution of the weak magnetism proportional
to 1/M , where 2M = mn +mp is an averaged nucleon mass [15].
For the calculation of the radiative corrections to order O(α/π) the Lagrangian of the electromagnetic interaction
Lem(x) we take in the following form
Lem(x) = −1
4
F (0)µν (x)F
(0)µν (x)− 1
2ξ0
(
∂µA
(0)µ(x)
)2
+ψ¯0e(x)(iγ
µ∂µ −m0e)ψ0e(x) − (−e0) ψ¯0e(x)γµψ0e(x)A(0)µ (x)
+ψ¯0p(x)(iγ
µ∂µ −m0p)ψ0p(x) − (+e0)ψ¯0p(x)γµψ0p(x)A(0)µ (x), (3)
where F
(0)
µν (x) = ∂µA
(0)
ν (x) − ∂νA(0)µ (x) is the electromagnetic field strength tensor of the bare (unrenormalized)
electromagnetic field operator A
(0)
µ (x); ψ0e(x) and ψ0p(x) are bare operators of the electron and proton fields with
bare masses m0e and m0p, respectively; −e0 and +e0 are bare electric charges of the electron and proton, respectively.
Then, ξ0 is a bare gauge parameter. After the calculation of the one–loop corrections of order O(α/π) a transition to
the renormalized field operators, masses and electric charges is defined by the Lagrangian
Lem(x) = −1
4
Fµν(x)F
µν (x)− 1
2ξ
(
∂µA
µ(x)
)2
+ψ¯e(x)(iγ
µ∂µ −me)ψe(x) − (−e) ψ¯e(x)γµψe(x)Aµ(x)
+ψ¯p(x)(iγ
µ∂µ −mp)ψp(x) − (+e) ψ¯p(x)γµψp(x)Aµ(x) + δLem(x), (4)
where Aµ(x), ψe(x) and ψp(x) are the renormalized operators of the electromagnetic, electron and proton fields,
respectively; me and mp are the renormalized masses of the electron and proton; e is the renormalized electric charge;
and ξ is the renormalized gauge parameter. The Lagrangian δLem(x) contains a complete set of the counterterms
[26],
δLem(x) = −1
4
(Z3 − 1)Fµν(x)Fµν (x) − Z3 − 1
Zξ
1
2ξ
(
∂µA
µ(x)
)2
+(Z
(e)
2 − 1) ψ¯e(x)(iγµ∂µ −me)ψe(x)− (Z(e)1 − 1) (−e) ψ¯e(x)γµψe(x)Aµ(x)− Z(e)2 δmeψ¯e(x)ψe(x)
+(Z
(p)
2 − 1) ψ¯p(x)(iγµ∂µ −mp)ψp(x)− (Z(p)1 − 1) (+e) ψ¯p(x)γµψp(x)Aµ(x)− Z(p)2 δmpψ¯p(x)ψp(x), (5)
where Z3, Z
(e)
2 , Z
(e)
1 , Z
(p)
2 , Z
(p)
1 , δme and δmp are the counterterms. Here Z3 is the renormalization constant of the
electromagnetic field operator Aµ, Z
(e)
2 and Z
(e)
1 are the renormalization constants of the electron field operator ψe
7and the electron–electron–photon (e−e−γ) vertex, respectively; Z
(p)
2 and Z
(p)
1 are the renormalization constants of
the proton field operator ψp and the proton–proton–photon (ppγ) vertex, respectively. Then, (−e) and (+e), me and
mp and δme and δmp are the renormalized electric charges and masses and the mass–counterterms of the electron
and proton, respectively. Rescaling the field operators [26, 27]
√
Z3Aµ(x) = A
(0)
µ (x) ,
√
Z
(e)
2 ψe(x) = ψ0e(x) ,
√
Z
(p)
2 ψp(x) = ψ0p(x) (6)
and denoting me + δme = m0e, mp + δmp = m0p and Zξξ = ξ0 we arrive at the Lagrangian
Lem(x) = −1
4
F (0)µν (x)F
(0)µν(x) − 1
2ξ0
(
∂µA
(0)µ(x)
)2
+ψ¯0e(x)(iγ
µ∂µ −m0e)ψ0e(x)− (−e)Z(e)1 (Z(e)2 )−1Z−1/23 ψ¯0e(x)γµψ0e(x)A(0)µ (x)
+ψ¯0p(x)(iγ
µ∂µ −m0p)ψ0p(x)− (+e)Z(p)1 (Z(p)2 )−1Z−1/23 ψ¯0p(x)γµψ0p(x)A(0)µ (x). (7)
Because of the Ward identities Z
(e)
1 = Z
(e)
2 and Z
(p)
1 = Z
(p)
2 [18, 26, 27], we may replace (−e)Z−1/23 = −e0 and
(+e)Z
−1/2
3 = +e0. This brings Eq.(7) to the form of Eq.(3). We would like to emphasize that to order O(α/π)
the renormalization constant Z3 is equal to unity, i.e., Z3 = 1. This is because of the absence of closed fermion
loops, giving contributions of order O(α2/π2) to the amplitude of the neutron radiative β−–decay that goes beyond
the accepted approximation O(α/π) for the amplitude and O(α2/π2) for the rate of the neutron radiative β−–decay.
Hence, to order O(α/π) the bare e0 and renormalized e electric charges are equal, i.e. e0 = e. Now we may proceed to
the discussion of the contributions of the radiative corrections of order O(α/π), where α = e2/4π = 1/137.036 is the
fine–structure constant [25], to the amplitude and rate of the neutron radiative β−–decay. The detailed calculations
and analysis of the Feynman diagrams in Fig. 2, Fig. 3, Fig. 4 and Fig. 5, defining a complete set of radiative corrections
of order O(α/π), we give in the Supplemental Material. In section III we adduce the analytical expressions for the
contributions of the diagrams in Fig. 2, Fig. 3, Fig. 4 and Fig. 5 to the rate of the neutron radiative β−–decay. The
numerical values are collected in Table I. For completeness we take into account the tree–level contribution, given by
the Feynman diagrams in Fig. 1 and calculated in [15] to order 1/M , including corrections of the weak magnetism
and proton recoil.
III. RATE OF NEUTRON RADIATIVE β−–DECAY WITH ONE DETECTED PHOTON
The rate of the neutron radiative β−–decay with a photon, detected in the photon energy region ωmin ≤ ω ≤ ωmax,
is given by
λβγ(ωmax, ωmin) =
5∑
j=1
λ
(Fig j)
βγ (ωmax, ωmin), (8)
where λ
(Fig j)
βγ (ωmax, ωmin) are the rates, caused by the contributions of the diagrams in Fig. j for j = 1, 2, . . . , 5. They
are calculated in the Supplemental Material. To leading order in the large proton mass expansion the contribution of
the diagrams in Fig. 1 is equal to [10]
λ
(Fig.1)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α
π
G2F |Vud|2
2π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee − ω)2
×
{(
1 +
ω
Ee
+
1
2
ω2
E2e
) [ 1
β
ℓn
(1 + β
1− β
)
− 2
]
+
ω2
E2e
}
, (9)
where E0 = (m
2
n −m2p +m2e)/2mn is the end–point energy of the electron–energy spectrum of the neutron β−–decay
[10]; ω is a photon energy; β = ke/Ee =
√
E2e −m2e/Ee is a velocity of the electron with a momentum ke; and
F (Ee, Z = 1) is the relativistic Fermi function, describing the Coulomb proton–electron interaction in the final state
of the decay. It is equal to
F (Ee, Z = 1) =
(
1 +
1
2
γ
) 4(2rpmeβ)2γ
Γ2(3 + 2γ)
eπα/β
(1− β2)γ
∣∣∣Γ(1 + γ + i α
β
)∣∣∣2, (10)
8where γ =
√
1− α2 − 1, rp is the electric radius of the proton and α = 1/137.036 is the fine–structure constant. In
numerical calculations we shall use rp = 0.841 fm [28]. The rate of the neutron radiative β
−–decay, calculated to next–
to–leading order in the large proton mass expansion, taking into account the contributions of the weak magnetism
and proton recoil to order 1/M , where 2M = mn+mp is the averaged nucleon mass, has been calculated in [15]. The
result is
λ
(Fig.1)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α
π
G2F |Vud|2
2π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe Ee
√
E2e −m2e (E0 − Ee − ω)2
×F (Ee, Z = 1) ρ(Fig.1)βγ (Ee, ω). (11)
The function ρ
(Fig.1)
βγ (Ee, ω) is given by the integral [15]
ρ
(Fig.1)
βγ (Ee, ω) =
∫
dΩeγ
4π
{[
1 + 2
ω
M
Ee − ~ke · ~n~k
E0 − Ee − ω +
3
M
(
Ee + ω − 1
3
E0
)
+
λ2 − 2(κ+ 1)λ+ 1
1 + 3λ2
E0 − Ee − ω
M
]
×
[(
1 +
ω
Ee
) k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω2
Ee
1
Ee − ~ke · ~n~k
]
+
3λ2 − 1
1 + 3λ2
1
M
(k2e + ω~ke · ~n~k
Ee
[ k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω
Ee − ~ke · ~n~k
]
+(ω + ~ke · ~n~k)
[(
1 +
ω
Ee
) ω
Ee − ~ke · ~n~k
− m
2
e
Ee
ω
(Ee − ~ke · ~n~k)2
])
− λ
2 + 2(κ+ 1)λ− 1
1 + 3λ2
1
M
[k2e + ω2 + 2ω~ke · ~n~k
Ee
× k
2
e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω
Ee
k2e − (~ke · ~n~k)2
Ee − ~ke · ~n~k
+
ω2
Ee
ω + ~ke · ~n~k
Ee − ~ke · ~n~k
]
− λ(λ− 1)
1 + 3λ2
1
M
[ ω
Ee
k2e − (~ke · ~n~k)2
Ee − ~ke · ~n~k
+ 3
ω2
Ee
]}
, (12)
where κ = κp − κn = 3.70589 is the isovector anomalous magnetic moment of the nucleon [10, 15], dΩeγ is an
infinitesimal solid angle of the electron–photon momentum correlations ~ke · ~n~k = ke cos θeγ and ~n~k = ~k/ω is a unit
vector along the photon 3–momentum [10, 11, 15]. The contribution of the diagrams in Fig. 2 is equal to (see Appendix
B of the Supplemental Material)
λ
(Fig.2)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2FVud|2
4π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe (E0 − Ee − ω)2
√
E2e −m2e
×F (Ee, Z = 1)
∫
dΩeγ
4π
{ k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
ReF4 +
ω
Ee − ~ke · ~n~k
Re (2F2 − F3 − 2F4)
}
, (13)
where F2, F3 and F4 are given in Eq.(B-71) of the Supplemental Material as functions of ke · k = ω (Ee − ~ke · ~n~k).
The contribution of the diagrams in Fig. 3 and Fig. 4 we define as (see Appendix C of the Supplemental Material)
λ
(Fig.3)
βγ (ωmax, ω) = (1 + 3λ
2)
α2
π2
G2F |Vud|2
4π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe F (Ee, Z = 1) (E0 − Ee − ω)2
√
E2e −m2e
×
∫
dΩeγ
4π
{
f1(Ee, ~ke, ω,~k )
[
(Ee + ω)
k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω2
Ee − ~ke · ~n~k
]
+ f2(Ee, ~ke, ω,~k )
[(
2 (Ee + ω)
2 −m2e
−ω (Ee − ~ke · ~n~k)
) k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+ 2 (Ee + ω)
ω2
Ee − ~ke · ~n~k
− ω2
]}
, (14)
where the functions f1(Ee, ~ke, ω,~k ) and f2(Ee, ~ke, ω,~k ) are given in Eq.(C-33) of the Supplemental material. They
are defined by the contribution of the diagram Fig. 3c, since to leading order in the large proton mass expansion
and in the physical gauge of a real photon the contribution of the diagram in Fig. 3d vanishes. Then, the rate
λ
(Fig.3)
βγ (ωmax, ωmin) is defined by a part of the diagram Fig. 3c, which is invariant under a gauge transformation
Dαβ(q)→ Dαβ(q)+c(q2) qαqβ. A non–invariant part of the diagram Fig. 3c is absorbed by the diagrams in Fig. 4. We
assume that the contribution of the diagrams in Fig. 4, calculated to leading order in the large proton mass expansion
and in the physical gauge of a real photon, contains only i) an electron–photon–energy dependent part, cancelling
a part of the diagram Fig. 3c that is non–invariant under the gauge transformation Dαβ(q) → Dαβ(q) + c(q2) qαqβ ,
and ii) a constant, which can be absorbed by renormalization of the Fermi weak coupling constant GF and the axial
coupling constant λ similar to Sirlin’s analysis of the radiative corrections to the rate of the neutron β−–decay [5].
9Of course, our assumption is much stronger than Sirlin’s one. Nevertheless, we believe that it is correct and it might
be confirmed by a model–dependent way within a model of strong interactions of hadrons coupled to photons at low
energies (see a discussion in section IV).
The contribution of the diagrams in Fig. 5 of the neutron radiative β−–decay with two real photons and only one
detected photon is equal to (see Appendix E of the Supplemental Material)
λ
(Fig.5)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2F |Vud|2
16π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe
√
E2e −m2e
∫ E0−Ee−ω
0
dq0 (E0 − Ee − ω − q0)2
×F (Ee, Z = 1)
∫
dΩeγ
4π
∫
dΩeγ′
4π
(
ρ
(1)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) + ρ
(2)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q)
+ρ
(2)
eγγ′(Ee,
~ke, q0, ~n~q, ω, ~n~k)
)
, (15)
where q0 is the energy of an undetected photon and ~n~q = ~q/q0 is a unit vector along its 3–momentum ~q. The functions
ρ
(1)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q), ρ
(2)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) and ρ
(2)
eγγ′(Ee,
~ke, q0, ~n~q, ω, ~n~k) are given by Eq.(E-14), Eq.(E-15)
and Eq.(E-16) in the Supplemental Material.
The numerical values of the branching ratios BR
(Fig.j)
βγ = τn λβγ(ωmax, ωmin)Fig j for j = 1, 2, . . . , 5 and their total
contribution are given in Table I for the three photon–energy regions i) 15 keV ≤ ω ≤ 340 keV, ii) 14 keV ≤ ω ≤
782 keV and iii) 0.4 keV ≤ ω ≤ 14 keV. The branching ratios BR(Fig.j)βγ are obtained relative to the neutron lifetime
τn = 879.6(1.1) s, calculated in [10] and agreeing well with the world–averaged value τn = 880.2(1.0) s [25].
ω [keV] BRβγ(Experiment) BR
(Fig.1)
βγ BR
(Fig.2)
βγ BR
(Fig.3)
βγ BR
(Fig.5)
βγ BRβγ(Theory)
15 ≤ ω ≤ 340 (3.09 ± 0.32) × 10−3 [13] 2.89× 10−3 0.95 × 10−7 0.65 × 10−4 0.52× 10−5 2.960 × 10−3
14 ≤ ω ≤ 782 (3.35± 0.05 [stat] ± 0.15 [syst])× 10−3 [14] 3.04× 10−3 1.23 × 10−7 0.68 × 10−4 0.55× 10−5 3.114 × 10−3
0.4 ≤ ω ≤ 14 (5.82± 0.23 [stat] ± 0.62 [syst])× 10−3 [14] 5.08× 10−3 0.03 × 10−7 1.54 × 10−4 3.23× 10−5 5.266 × 10−3
TABLE I: Branching ratios of the neutron radiative β−–decay for three photon–energy regions, calculated for the lifetime of
the neutron τn = 879.6(1.1) s [10]. The branching ratio BR
(Fig.1)
βγ takes into account the contributions of the weak magnetism
and proton recoil, calculated in [15] to next–to–leading order in the large proton mass expansion.
IV. CONCLUSION
We have proposed a precision analysis of the rate of the neutron radiative β−–decay n → p + e− + ν¯e + γ to
order O(α2/π2), defined by the 1/M corrections, caused by the weak magnetism and proton recoil [15], and radiative
corrections of order O(α/π) in the one–virtual–photon approximation, and the contribution of the neutron radiative
β−–decay with two real photons n→ p+e−+ ν¯e+γ+γ. Integrating over degrees of freedom of one of two photons one
arrives at the contribution of order O(α2/π2) to the rate of the neutron radiative β−–decay n→ p+ e−+ ν¯e+ γ. The
contributions of the one–virtual–photon exchanges we have classified by the Feynman diagrams in Fig. 2, Fig. 3 and
Fig. 4. In the diagrams in Fig. 2 the contributions of strong low–energy and electromagnetic interactions are factorized,
and both the real and virtual photons couple to the point–like proton and electron. The contribution of strong low–
energy interactions of hadrons is given by the axial coupling constant λ only. All divergences, caused by virtual photon
exchanges, are absorbed by renormalization of masses and wave functions of the proton and electron, the proton–
proton–photon (ppγ) and electron–electron–photon (e−e−γ) vertices. Therewith, the counterterms of renormalization
of the wave functions and vertices obey standard Ward identities [18, 26, 27]. The diagrams in Fig. 2 are invariant
under gauge transformations ε∗λ′(k)→ ε∗λ′(k)+ck of a real photon wave function and Dαβ(q)→ Dαβ(q)+c(q2) qαqβ of
a photon Green function, respectively. The structure functions, defining the renormalized contribution of the Feynman
diagrams in Fig. 2 to the amplitude of the neutron radiative β−–decay of order O(α/π), obey Ward identities. The
contribution of the Feynman diagrams in Fig. 2 to the branching ratio is of order 10−7 (see Table I).
The dominant but most problematic contribution comes from the Feynman diagrams in Fig. 3 and Fig. 4. For
the calculation of the contribution of these diagrams we follow Sirlin’s assumption for the calculation of the radiative
corrections of order O(α/π) to the rate of the neutron β−–decay [5]. This means that we assume that the contribution
of the diagrams in Fig. 4, which survives to leading order in the large proton mass expansion in the physical gauge of
a real photon, contains i) a part of the diagram Fig. 3c, which is not invariant under gauge transformations of a real
photon wave function ε∗λ′(k)→ ε∗λ′(k)+ck and of a photon Green function Dαβ(q)→ Dαβ(q)+c(q2) qαqβ , respectively,
and ii) a part independent of the electron and photon energies, which can be absorbed by renormalization of the Fermi
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weak coupling constant GF and the axial coupling constant λ. This is, of course, an extended interpretation of Sirlin’s
assumption, since in the neutron β−–decay the Feynman diagrams similar to the diagrams in Fig. 4 (see Fig. 6b
and Fig. 6c) have been found independent of the electron energy, the contribution of which has been absorbed by
renormalization of the Fermi weak and axial coupling constants. A confirmation of our assumption, concerning the
properties of the Feynman diagrams in Fig. 3 and Fig. 4 might be supported by the fact that all possible insertions
of real photon external lines transform the Feynman diagrams in Fig. 6 to the Feynman diagrams Fig. 3c, Fig. 3d and
Fig. 4. It is obvious that all possible insertions of real photon external lines should not change the properties of the
diagrams with respect to a gauge transformation Dαβ(q) → Dαβ + c(q2) qαqβ . Hence, all diagrams in Fig. 4 should
play an auxiliary role for the diagram Fig. 3c to leading order in the large proton mass expansion. Thus, such an
extended Sirlin’s assumption, applied to the calculation of the Feynman diagrams in Fig. 3c, Fig. 3d and Fig. 4, we
have realized as follows. Firstly, we have shown that in Fig. 3 only the diagram Fig. 3c survives to leading order in the
large proton mass expansion in the physical gauge of a real photon. Secondly, we have decomposed the contribution of
the diagram Fig. 3c into invariant and non–invariant parts with respect to a gauge transformation of a photon Green
function Dαβ(q)→ Dαβ(q) + c(q2) qαqβ . Finally, we have omitted a gauge–non–invariant part and the contributions,
independent of the electron and photon energies, we have removed by renormalization of the Fermi weak coupling
constant GF and the axial coupling constant λ, respectively. The contribution of the diagrams in Fig. 3 and Fig. 4 to
the branching ratio of the neutron radiative β−–decay, obtained in such a way, is of order 10−4 (see Table I).
It is important to emphasize that the renormalized contribution of the diagram Fig. 3c, which we have defined in
terms of the functions f1(Ee, ~ke, ω,~k ) and f2(Ee, ~ke, ω,~k ) (see Eq.(C-33) of the Supplemental Material), does not
depend on the infrared cut–of µ, which is introduced as a photon mass [5]. This is unlike the contribution of the
diagram Fig. 6a to the rate of the neutron β−–decay, which has been found as a function of the infrared cut–off µ [5].
A µ–dependence of the radiative corrections, caused by the diagram Fig. 6a, has been cancelled only by the diagram
Fig. 1b (see [5]).
We would like to accentuate that the contribution of the diagrams in Fig. 5, describing a neutron radiative β−–decay
with two real photons in the final state, is also infrared stable. Having integrated over the momentum and energy of
one of two photons we have obtained the contribution of order O(α2/π2) to the rate of the neutron radiative β−–decay
with a photon, detected in the energy region ωmin ≤ ω ≤ ωmax. The contribution of the neutron radiative β−–decay
with two real photons in the final state, described by the diagrams in Fig. 5, is of order 10−5 (see Table I).
Total contributions of the radiative corrections of order O(α/π) to the rate of the neutron radiative β−–decay are
about 2.42%, 2.44% and 3.66% for three photon–energy regions 15 keV ≤ ω ≤ 340 keV, 14 keV ≤ ω ≤ 782 keV
and 0.4 keV ≤ ω ≤ 14 keV, respectively. They are commensurable with the radiative correction 3.75% to the rate
of the neutron β−–decay [5, 10]. However, they are not enhanced with respect to the contribution of the radiative
corrections to the rate of the neutron β−–decay as we have expected because of an enhancement of the corrections
of order 1/M , caused by the weak magnetism and proton recoil [15]. The theoretical values of the branching ratios
(see Table I) do not contradict the experimental data within the experimental error bars. Nevertheless, deviations
of about 4.21%, 7.05% and 9.52% of the mean values of the experimental data from the theoretical values for three
photon–energy regions 15 keV ≤ ω ≤ 340 keV, 14 keV ≤ ω ≤ 782 keV and 0.4 keV ≤ ω ≤ 14 keV, respectively, might
only imply that such a distinction cannot be covered by the contributions of interactions beyond the Standard Model.
Therefore, apart from the experimental error bars one may expect a better agreement between theory and experiment
only from the contributions of strong low–energy interactions of hadrons beyond the axial coupling constant λ. One
may expect that they might be caused by the contributions of diagrams in Fig. 4, where real and virtual photon couple
to a hadronic block.
In this connection we may confess that there are two problems of our precision analysis of the rate of the neutron
radiative β−–decay to order O(α2/π2). They are i) a justification of a neglect of the diagrams with photons coupled
to hadronic blocks such as the diagram Fig. 1c and so on and ii) a justification of Sirlin’s assumption for an extraction
of a physical contribution from the Feynman diagrams in Fig. 3 and Fig 4. As we have mentioned above both of these
problems can be investigated only by a model–dependent way within certain models of strong low–energy interactions
of hadrons coupled to photons.
However, very likely that the contribution of the diagram Fig. 1c is really not important. One may show this at the
tree–level using the following effective low–energy electromagnetic interactions of the neutron and proton [18]
δLem(x) = κne
4M
ψ¯n(x)σµνψn(x)F
µν (x) +
κpe
4M
ψ¯p(x)σµνψp(x)F
µν (x), (16)
where κn = −1.91304 and κp = 1.79285 are anomalous magnetic moments of the neutron and proton [25], respectively,
and σµν = (i/2)(γµγν − γνγµ) are Dirac matrices [18]. The contribution of the diagram Fig. 1c to the amplitude of
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the neutron radiative β−–decay is equal to
MFig.1c(n→ pe−ν¯eγ)λ′ =
= − κn
2M
[
u¯p(~kp, σp) γ
µ(1 + λγ5)
1
mn − kˆn + kˆ − i0
i σαβ k
αεβ∗λ′ un(
~kn, σn)
] [
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
+
κp
2M
[
u¯p(~kp, σp) i σαβ k
αεβ∗λ′ γ
µ(1 + λγ5)
1
mn − kˆp − kˆ − i0
un(~kn, σn)
] [
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
. (17)
One may see that the amplitude Eq.(17) is invariant under a gauge transformation ε∗λ′(k) → ε∗λ′(k) + ck. The
contribution of the diagram Fig. 1c to the branching ratio is given by
B
(Fig.1c)
βγ (ωmax, ωmin) =
α
π
G2F |Vud|2
2π3M
(
2λ2(κp + κn)− λ (κp − κn)
)
×
∫ ωmax
ωmin
dω ω
∫ E0−ω
me
dEe
√
E2e −m2e (E0 − Ee − ω)2 F (Ee, Z = 1). (18)
For the three photon energy regions (see Table I) the branching ratio is equal to B
(Fig.1c)
βγ = 0.97× 10−10, B(Fig.1c)βγ =
1.25 × 10−10 and B(Fig.1c)βγ = 4.90 × 10−13, respectively. This may testify that the diagram Fig. 1c can actually be
neglected. Such a neglect does not violate invariance of the diagrams Fig. 1a and Fig. 1b with respect to a gauge
transformation ε∗λ′(k)→ ε∗λ′(k) + ck. Our justification of a possible neglect of the contribution of the diagram Fig. 1c
confirms also a neglect of all diagrams with emission of a real photon by a hadronic block in the radiative neutron
β−–decay with two real photons in the final state, given by the diagram in Fig. 5.
Hence, the main contribution of strong low–energy interactions we may expect only from the diagrams in Fig. 3
and Fig. 4. As a first step on the way of the analysis of these diagrams we are planning to use the Standard Model
of electroweak interactions supplemented by the linear σ–model of strong low–energy nucleon–pion interactions by
Gell–Mann and Levy [29] (see also [30]). It is well–known that a linear σ–model is a renormalizable one [31–33].
Renormalization of an extended version of a linear σ–model has been investigated in [34, 35]. The observed peculiar
properties of strong low–energy hadronic interactions in the neutron radiative β−–decay to order of O(α2/π2) agree
well with assertion, pointed out by Weinberg [23], about the important role of strong low–energy hadronic interactions
in decay processes.
We would like to emphasize that analysis of the rate of the neutron radiative β−–decay to order O(α2/π2) is a first
step toward the analysis of the neutron β−–decay to order O(α2/π2). One of the most intriguing theoretical features
of this analysis, which we anticipate, is a cancellation of the infrared dependences in the sum of the contributions of
the diagrams with only virtual photon exchanges and the diagrams of the neutron radiative β−–decay with one and
two photons in the final state. For the analytical investigation of this problem the results, obtained in this paper,
are of great deal of importance. The calculation of the neutron β−–decay to order α2/π2 ∼ 10−5 together with the
contributions of order (α/π)(Ee/M) ∼ 3 × 10−6 and E2e/M2 ∼ 10−6 should give a new level of theoretical precision
for the experimental search of interactions beyond the Standard Model [10].
It is well known that in the limit mσ →∞, where mσ is a scalar σ–meson mass, a linear σ–model is equivalent to
current algebra [36, 37]. This means that the results, obtained in a linear σ–model and taken in the limit mσ → ∞,
should reproduce the results, obtained in current algebra [36, 37], i.e. in a model–independent approach. This bridges
between the results, which we are planning to obtain for the contributions of strong low–energy interactions to the
radiative corrections of order O(α2/π2) for the neutron radiative and neutron β−–decays, and the results, obtained
by Sirlin [5, 22] for the contributions of strong low–energy interactions to the radiative corrections of order O(α/π)
for the neutron β−–decay.
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VI. SUPPLEMENTAL MATERIAL
Appendix A: The amplitude and rate of the neutron radiative β−–decay in the tree–approximation,
described by the Feynman diagram in Fig. 1
The amplitude of the neutron radiative β−–decay, represented by the diagrams in Fig. 1, Fig. 2, Fig. 3, Fig. 4 and
Fig. 5, we define as follows
M(n→ pe−ν¯eγ)λ′ = e GF√
2
Vud
5∑
j=1
MFig. j(n→ pe−ν¯eγ)λ′ , (A-1)
whereMFig. j(n→ pe−ν¯eγ)λ′ is the contribution of the diagram in Fig. j for j = 1, 2, . . . , 5. The amplitudeMFig.1(n→
pe−ν¯eγ)λ′ of the neutron radiative β
−–decay, defined by the diagrams in Fig.1, is [10, 15]
MFig.1(n→ pe−ν¯eγ)λ′ =
[
u¯p(~kp, σp)γ
µ(1 + λγ5)un(~kn, σn)
][
u¯e(~ke, σe)
1
2ke · k Qe γµ(1 − γ
5)vν(~kν ,+
1
2
)
]
−
[
u¯p(~kp, σp)Qp
1
2kp · k γ
µ(1 + λγ5)un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1 − γ5)vν(~kν ,+1
2
)
]
, (A-2)
where Qe and Qp are given by
Qe = 2ε
∗
λ′ · ke + εˆ∗λ′ kˆ , Qp = 2ε∗λ′ · kp + εˆ∗λ′ kˆ. (A-3)
For the derivation of Eq.(A-2) we have used the Dirac equations for the free proton and electron. Replacing ε∗λ′ → k
and using k2 = 0 we getM(n→ pe−ν¯eγ)|ε∗
λ′
→k = 0. This confirms invariance of the amplitude Eq.(A-2) with respect
to a gauge transformation ε∗λ′(k)→ ε∗λ′(k) + c k, where c is an arbitrary constant.
To leading order in the large proton mass expansion the amplitude of the neutron radiative β−–decay, calculated
in the tree–approximation, is equal to [10, 15]
MFig.1(n→ pe−ν¯eγ)λ′ = 2mn
×
{
[ϕ†pϕn]
[
u¯e(~ke, σe)
1
2ke · k Qe γ
0(1− γ5)vν(~k,+1
2
)
]
− λ [ϕ†p ~σ ϕn] ·
[
u¯e(~ke, σe)
1
2ke · k Qe ~γ (1− γ
5)vν(~k,+
1
2
)
]
−ε
0∗
λ′
ω
[ϕ†pϕn]
[
u¯e(~ke, σe) γ
0(1− γ5)vν(~k,+1
2
)
]
+
ε0∗λ′
ω
λ [ϕ†p ~σ ϕn] ·
[
u¯e(~ke, σe)~γ (1− γ5)vν(~k,+1
2
)
]}
. (A-4)
The hermitian conjugate amplitude is
M†
Fig.1(n→ pe
−ν¯eγ)λ′ = 2mn
×
{
[ϕ†nϕp
][
v¯ν(~k,+
1
2
)
1
2ke · k γ
0 Q¯e(1 − γ5)ue(~ke, σe)
]
− λ [ϕ†n ~σ ϕp] ·
[
v¯ν(~k,+
1
2
)
1
2ke · k ~γ Q¯e (1− γ
5)ue(~ke, σe)
]
−ε
0
λ′
ω
[ϕ†nϕp]
[
v¯ν(~k,+
1
2
) γ0(1 − γ5)ue(~ke, σe)
]
+
ε0λ′
ω
λ [ϕ†n ~σϕp] ·
[
v¯ν(~k,+
1
2
)~γ (1− γ5)ue(~ke, σe)
]}
, (A-5)
where Q¯e = 2ke · ελ′ + kˆ εˆλ′ [10]. The amplitudes Eq.(A-4) and Eq.(A-5) are invariant under a gauge transformation
ε∗λ′(k)→ ε∗λ′(k) + c k or ε0∗λ′ (k)→ ε0∗λ′ (k) + c ω and ~ε ∗λ′(k)→ ~ε ∗λ′(k) + c~k.
As has been shown in [10, 15, 21], for the calculation of the rate of the neutron radiative β−–decay one may set
ε0∗λ′ = 0 and deal with only physical degrees of freedom of a photon [20] such as ε
∗
λ′ = (0, ~ε
∗
λ′), which obey the relations
[20] (see also [10, 15, 21])
~k · ~ε ∗λ′ = ~k · ~ελ′ = 0 , ~ε ∗λ′ · ~ελ′′ = δλ′λ′′ ,∑
λ′=1,2
~ε i∗λ′ ~ε
j
λ′ = δ
ij −
~k i~k j
ω2
= δij − ~n i~k~n
j
~k
, (A-6)
where ~n~k =
~k/ω is a unit vector along the photon 3–momentum [10, 11]. The rate of the neutron radiative β−–decay
with a photon, emitted in the energy region ωmin ≤ ω ≤ ωmax and calculated to leading order in the large proton
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mass expansion, is [10]
λ
(Fig.1)
βγ (ωmax, ωmin) =
α
π
(1 + 3λ2)
G2F |Vud|2
2π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee − ω)2
×
{(
1 +
ω
Ee
+
1
2
ω2
E2e
) [ 1
β
ℓn
(1 + β
1− β
)
− 2
]
+
ω2
E2e
}
, (A-7)
where β = ke/Ee =
√
E2e −m2e/Ee is a velocity of the electron with a 3–momentum ke, the Fermi function F (Ee, Z =
1) describes the proton–electron Coulomb interaction in the final state of the decay [10, 15] and E0 = (m
2
n −m2p +
m2e)/2mn = 1.2927MeV is the end–point energy of the electron–energy spectrum of the neutron β
−–decay [10]. The
rate of the neutron radiative β−–decay, taken to next–to–leading order in the large proton mass expansion and taking
into account the contributions of the weak magnetism and proton recoil, has been calculated in [15]. It is given by
[15]
λ
(Fig1)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α
π
G2F |Vud|2
2π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe Ee
√
E2e −m2e (E0 − Ee − ω)2
×F (Ee, Z = 1) ρ(Fig1)βγ (Ee, ω). (A-8)
The function ρ
(Fig1)
βγ (Ee, ω) is given by the integral [15]
ρ
(Fig1)
βγ (Ee, ω) =
∫
dΩeγ
4π
{[
1 + 2
ω
M
Ee − ~ke · ~n~k
E0 − Ee − ω +
3
M
(
Ee + ω − 1
3
E0
)
+
λ2 − 2(κ+ 1)λ+ 1
1 + 3λ2
E0 − Ee − ω
M
]
×
[(
1 +
ω
Ee
) k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω2
Ee
1
Ee − ~ke · ~n~k
]
+
3λ2 − 1
1 + 3λ2
1
M
(k2e + ω~ke · ~n~k
Ee
[ k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω
Ee − ~ke · ~n~k
]
+(ω + ~ke · ~n~k)
[(
1 +
ω
Ee
) ω
Ee − ~ke · ~n~k
− m
2
e
Ee
ω
(Ee − ~ke · ~n~k)2
])
− λ
2 + 2(κ+ 1)λ− 1
1 + 3λ2
1
M
[k2e + ω2 + 2ω~ke · ~n~k
Ee
× k
2
e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω
Ee
k2e − (~ke · ~n~k)2
Ee − ~ke · ~n~k
+
ω2
Ee
ω + ~ke · ~n~k
Ee − ~ke · ~n~k
]
− λ(λ− 1)
1 + 3λ2
1
M
[ ω
Ee
k2e − (~ke · ~n~k)2
Ee − ~ke · ~n~k
+ 3
ω2
Ee
]}
, (A-9)
where dΩeγ is an infinitesimal solid angle of the electron–photon momentum correlations ~ke · ~n~k = ke cos θeγ . The
numerical value of the rate Eq.(A-7) is given in Table I. It has been calculated in [15].
Appendix B: Contributions of Feynman diagrams in Fig. 2 to the amplitude and rate of the neutron radiative
β−–decay
The contribution of the Feynman diagrams in Fig. 2 to the amplitude of the neutron radiative β−–decay we define
as follows
MFig.2(n→ pe−ν¯eγ)λ′ =
∑
j=a,b,c
M(p)
Fig.2j(n→ pe
−ν¯eγ)λ′ +
∑
j=d,e,f
M(e)
Fig.2j(n→ pe
−ν¯eγ)λ′ , (B-1)
where the amplitudes M(p)
Fig.2j(n → pe−ν¯eγ)λ′ and M
(e)
Fig.2j(n → pe−ν¯eγ)λ′ are given by the following analytical
expressions
M(p)
Fig.2a(n→ pe
−ν¯eγ)λ′ =
[
u¯p(~kp, σp)ε
∗
λ′ · Λp(kp, k)
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-2)
where Λαp (kp, k) is the proton–proton–photon (ppγ) vertex function
Λαp (kp, k) = (Z
(p)
1 − 1) γα + e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − i0
γα
1
mp − kˆp − qˆ − kˆ − i0
γβDσβ(q) (B-3)
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and
M(p)
Fig.2b(n→ pe
−ν¯eγ)λ′ =
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
Σ(p)(kp, k)
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-4)
where Σ(p)(kp, k) is the proton self–energy correction
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ) + e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − kˆ − i0
γβDσβ(q), (B-5)
and
M(p)
Fig.2c(n→ pe
−ν¯eγ)λ′ =
[
u¯p(~kp, σp)Σ
(p)(kp)
1
mp − kˆp − i0
εˆ∗λ′
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1 − γ5) vν(~kν ,+1
2
)
]
, (B-6)
where Σ(p)(kp) is the proton self–energy correction
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp) + e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − i0
γβDσβ(q), (B-7)
and
M(e)
Fig.2d(n→ pe
−ν¯eγ)λ′ = −
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) ε
∗
λ′ · Λe(ke, k)
1
me − kˆe − kˆ − i0
γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-8)
where Λαe (ke, k) is the electron–electron–photon (e
−e−γ) vertex function
Λαe (ke, k) = (Z
(e)
1 − 1) γα + e2
∫
d4q
(2π)4i
γσ
1
me − kˆe − qˆ − i0
γα
1
me − kˆe − qˆ − kˆ − i0
γβDσβ(q), (B-9)
and
M(e)
Fig.2e(n→ pe
−ν¯eγ)λ′ = −
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
Σ(e)(ke, k)
1
me − kˆe − kˆ − i0
γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-10)
where Σ(e)(ke, k) is the electron self–energy correction
Σ(e)(ke, k) = −δme − (Z(e)2 − 1) (me − kˆe − kˆ) + e2
∫
d4q
(2π)4i
γσ
1
me − kˆe − qˆ − kˆ − i0
γβDσβ(q), (B-11)
and
M(e)
Fig.2f(n→ pe
−ν¯eγ)λ′ = −
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)Σ
(e)(ke)
1
me − kˆe − i0
εˆ∗λ′
1
me − kˆe − kˆ − i0
γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-12)
where Σ(e)(ke) is the electron self–energy correction
Σ(e)(ke) = −δme − (Z(e)2 − 1) (mp − kˆe) + e2
∫
d4q
(2π)4i
γβ
1
mp − kˆe − qˆ − i0
γβDσβ(q), (B-13)
where Dσβ(q) = (ησβ − (1− ξ) qσqβ/q2)/(q2 + i0) is a photon Green function and ξ is a gauge parameter.
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Now we may analyse the properties of the Feynman diagrams in Fig. 2 with respect to gauge transformations
ε∗λ′(k) → ε∗λ′(k) + c k and Dσβ(q) → Dσβ(q) + c(q2) qσqβ . Making a gauge transformation ε∗λ′(k) → ε∗λ′(k) + c k for
the scalar product k · Λp(kp, k) we obtain the following expression
k · Λp(kp, k) = (Z(p)1 − 1)
(
(mp − kˆp)− (mp − kˆp − kˆ)
)
+ e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − kˆ − i0
γβDσβ(q)
−e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − i0
γβDσβ(q) =
[
− δmp − (Z(p)1 − 1)(mp − kˆp − kˆ)
+e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − kˆ − i0
γβDσβ(q)
]
−
[
− δmp − (Z(p)1 − 1)(mp − kˆp)
+e2
∫
d4q
(2π)4i
γσ
1
mp − kˆp − qˆ − i0
γβDσβ(q)
]
. (B-14)
Since Z
(p)
1 = Z
(p)
2 [18, 27], Eq.(B-14) can be transcribed into the standard form of the Ward identity [18, 27]
k · Λp(kp, k) = Σ(p)(kp, k)− Σ(p)(kp), (B-15)
where Σ(p)(kp, k) and Σ
(p)(kp) are given by Eq.(B-5) and Eq.(B-7), respectively. Then, because of the relation
Z
(e)
1 = Z
(e)
2 [18, 27], we get the Ward identity [18, 27]
k · Λe(ke, k) = Σ(e)(ke, k)− Σ(e)(ke), (B-16)
where Σ(e)(ke, k) and Σ
(e)(ke) are given by Eq.(B-9) and Eq.(B-11), respectively.
Making a gauge transformation of a photon Green function Dσβ(q)→ Dσβ(q) + c(q2) qσqβ we obtain the following
correction to the (ppγ) vertex diagram
ε∗λ′ · δΛp(kp, k) = e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − kˆ − i0
− e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − qˆ − kˆ − i0
, (B-17)
where we have used the Dirac equation for a free proton. The self–energy diagrams acquire the corrections
εˆ∗λ′
1
mp − kˆp − kˆ − i0
δΣ(p)(kp, k)
1
mp − kˆp − kˆ − i0
= −e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − kˆ − i0
qˆ
1
mp − kˆp − kˆ − i0
−e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − kˆ − i0
+ e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − qˆ − kˆ − i0
. (B-18)
Since the first term in Eq.(B-18) is equal to zero, we get
εˆ∗λ′
1
mp − kˆp − kˆ − i0
δΣ(p)(kp, k)
1
mp − kˆp − kˆ − i0
= −e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − kˆ − i0
+e2
∫
d4q
(2π)4i
c(q2) εˆ∗λ′
1
mp − kˆp − qˆ − kˆ − i0
. (B-19)
Then, the self–energy correction Σ(p)(kp) is invariant under the gauge transformation Dσβ(q)→ Dσβ(q) + c(q2) qσqβ .
We get
δΣ(p)(kp) = −e2
∫
d4q
(2π)4i
c(q2) qˆ = 0, (B-20)
where we have used the Dirac equation for a free proton. Plugging Eq.(B-17) and Eq.(B-19) into Eq.(B-2) and Eq.(B-4)
one may see that the acquired corrections cancel each other in the first term of Eq.(B-1). This confirms invariance of
the Feynman diagrams in Fig. 2a, Fig. 2b and Fig. 2c under a gauge transformation Dσβ(q) → Dσβ(q) + c(q2) qσqβ .
It is obvious that the Feynman diagrams in Fig. 2d, Fig. 2e and Fig. 2f are also invariant under a transformation
Dσβ(q)→ Dσβ(q)+c(q2) qσqβ of a photon Green function. The observed gauge invariance allows to make calculations
of the Feynman diagrams in Fig. 2 in the Feynman gauge ξ = 1 [5].
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For the calculation of Λαp (kp, q) we rewrite the right-hand-side (r.h.s.) of Eq.(B-3) as follows
Λαp (kp, k) = (Z
(p)
1 − 1) γα + e2
∫
d4q
(2π)4i
γβ(mp + kˆp + qˆ)γ
α(mp + kˆp + qˆ + kˆ)γβ
[m2p − (kp + q)2 − i0][m2p − (kp + q + k)2 − i0]
1
q2 + i0
. (B-21)
Since the integral over q diverges, we have to regularize it. For this aim we use the Pauli–Villars regularization and
make in Eq.(B-21) a replacement [10] (see also [27])
1
q2 + i0
→ 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0 , (B-22)
where Λ and µ are the ultraviolet and infrared cut–off, respectively, which should be finally taken in the limit Λ→∞
and µ→ 0. The next step is to merge the denominators. Merging the denominators of the proton propagators we get
1
[m2p − (kp + q)2 − i0]
1
[m2p − (kp + q + k)2 − i0]
=
∫ 1
0
dx
[m2p − k2x(1− x) − (q + kp + kx)2 − i0]2
. (B-23)
Then, we have to take into account the contribution of the regularized photon propagator. Using the formula [10]
1
A2B
=
∫ 1
0
2y dy
[Ay +B (1− y)]3 (B-24)
we obtain
1
[m2p − (kp + q)2 − i0]
1
[m2p − (kp + q + k)2 − i0]
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
=
=
∫ 1
0
∫ 1
0
2y dx dy
[Λ2(1 − y) +m2py2 − 2kp · kxy(1− y)− k2xy(1 − xy)− (q − (kp + kx)y)2 − i0]3
−
∫ 1
0
∫ 1
0
2y dx dy
[µ2(1 − y) +m2py2 − 2kp · kxy(1− y)− k2xy(1− xy)− (q − (kp + kx)y)2 − i0]3
. (B-25)
Now we take into account that k2 = 0
1
[m2p − (kp + q)2 − i0]
1
[m2p − (kp + q + k)2 − i0]
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
=
=
∫ 1
0
∫ 1
0
2y dx dy
[Λ2(1− y) +m2py2 − 2kp · kxy(1− y)− (q + (kp + kx)y)2 − i0]3
−
∫ 1
0
∫ 1
0
2y dx dy
[µ2(1 − y) +m2py2 − 2kp · kxy(1− y)− (q + (kp + kx)y)2 − i0]3
. (B-26)
For the numerator of the integrand of Eq.(B-21) we get the expression
γβ(mp + kˆp + qˆ)γ
α(mp + kˆp + qˆ + kˆ)γβ = −2m2pγα + 4mp(2kp + 2q + k)α + 2(kp + q)2 γα + 2 kˆ (kˆp + qˆ) γα
−4 (kˆp + qˆ + kˆ) (kp + q)α. (B-27)
Then, making a change of variables q + (kp + kx)y → q and integrating over the solid angle in the 4–dimensional
q–space we arrive at the expression
γβ(mp + kˆp + qˆ)γ
α(mp + kˆp + qˆ + kˆ)γβ → −2m2pγα + 4mp(2kp + 2q − 2(kp + kx)y + k)α
+2(kp + q − (kp + kx)y)2 γα + 2 kˆ (kˆp + qˆ − (kˆp + kˆx)y) γα − 4 (kˆp + qˆ − (kˆp + kˆx)y + kˆ)
× (kp + q − (kp + kx)y)α. (B-28)
Having integrated over the directions of the 4–vector q we get
γβ(mp + kˆp + qˆ)γ
α(mp + kˆp + qˆ + kˆ)γβ →
[
q2 − 2m2py(2− y) + 4kp · k(1− xy)(1 − y)− 2mpkˆ(1− y)
−2k2xy(1− xy)
]
γα +
[
4mpk
α
p (1 − y2) + 4mpkα(1− xy(1 + y))− 4kαp kˆ(1− xy)(1 − y) + 4kˆkαxy(1− xy)
]
. (B-29)
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Now we may remove the terms, which vanish because of the relations ε∗λ′ · k = 0 and k2 = 0. This gives the following
representation for the (ppγ) vertex
Λαp (kp, k) = (Z
(p)
1 − 1) γα + e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4i
( 1
[Λ2(1− y) +m2py2 − 2kp · kxy(1 − y)− q2 − i0]3
− 1
[µ2(1− y) +m2py2 − 2kp · kxy(1− y)− q2 − i0]3
){[
q2 − 2m2py(2− y) + 4kp · k(1 − xy)(1− y)− 2mpkˆ(1 − y)
]
γα
+
[
4mpk
α
p (1− y2)− 4kαp kˆ(1 − xy)(1− y)
]}
. (B-30)
Making a Wick rotation [27] we obtain the expression
Λαp (kp, k) = (Z
(p)
1 − 1) γα + e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4
( 1
[Λ2(1 − y) +m2py2 − 2kp · kxy(1− y) + q2]3
− 1
[µ2(1− y) +m2py2 − 2kp · kxy(1− y) + q2]3
){[
− q2 − 2m2py(2− y) + 4kp · k(1 − xy)(1− y)− 2mpkˆ(1 − y)
]
γα
+
[
4mpk
α
p (1− y2)− 4kαp kˆ(1 − xy)(1− y)
]}
, (B-31)
which we transcribe into the form
Λαp (kp, k) = (Z
(p)
1 − 1) γα − e2 γα
∫ 1
0
dx
∫ 1
0
dy 2y
×
∫
d4q
(2π)4
( 1
[Λ2(1− y) +m2py2 − 2kp · kxy(1− y) + q2]2
− 1
[µ2(1− y) +m2py2 − 2kp · kxy(1− y) + q2]2
)
+e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4
1
[Λ2(1− y) +m2py2 − 2kp · kxy(1− y) + q2]3
{[
Λ2(1− y)−m2py(4− 3y)
+2kp · k(2− 3xy)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1− y2)− 4kαp kˆ(1− xy)(1 − y)
]}
−e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4
1
[µ2(1− y) +m2py2 − 2kp · kxy(1− y) + q2]3
{[
µ2(1− y)−m2py(4− 3y)
+2kp · k(2− 3xy)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1− y2)− 4kαp kˆ(1− xy)(1 − y)
]}
(B-32)
Having integrated over q we get
Λαp (kp, k) = (Z
(p)
1 − 1) γα + γα
e2
16π2
∫ 1
0
dx
∫ 1
0
dy 2y ℓn
(Λ2(1− y) +m2py2 − 2kp · kxy(1− y)
µ2(1 − y) +m2py2 − 2kp · kxy(1− y)
)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
1
Λ2(1− y) +m2py2 − 2kp · kxy(1− y)
{[
Λ2(1− y)−m2py(4− 3y)
+2kp · k(2− 3xy)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1− y2)− 4kαp kˆ(1− xy)(1 − y)
]}
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
1
µ2(1− y) +m2py2 − 2kp · kxy(1− y)
{[
µ2(1 − y)−m2py(4− 3y)
+2kp · k(2− 3xy)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1− y2)− 4kαp kˆ(1− xy)(1 − y)
]}
. (B-33)
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Then, we make a change of variables xy → x. This gives
Λαp (kp, k) = (Z
(p)
1 − 1) γα + γα
e2
8π2
∫ 1
0
dy
∫ y
0
dxℓn
(Λ2(1− y) +m2py2 − 2kp · kx(1− y)
µ2(1 − y) +m2py2 − 2kp · kx(1− y)
)
+
e2
16π2
∫ 1
0
dy
∫ y
0
dx
1
Λ2(1− y) +m2py2 − 2kp · kx(1 − y)
{[
Λ2(1− y)−m2py(4− 3y)
+2kp · k(2− 3x)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1 − y2)− 4kαp kˆ(1− x)(1 − y)
]}
− e
2
16π2
∫ 1
0
dy
∫ y
0
dx
1
µ2(1 − y) +m2py2 − 2kp · kx(1− y)
{[
µ2(1− y)−m2py(4− 3y)
+2kp · k(2− 3x)(1− y)− 2mpkˆ(1 − y)
]
γα +
[
4mpk
α
p (1 − y2)− 4kαp kˆ(1− x)(1 − y)
]}
. (B-34)
Taking into account the limit Λ≫ mp we get
Λαp (kp, k) = (Z
(p)
1 − 1) γα + γα
e2
8π2
∫ 1
0
dy
∫ y
0
dx ℓn
( Λ2(1− y)
µ2(1− y) +m2py2 − 2kp · kx(1− y)
)
+
e2
8π2
∫ 1
0
dy
∫ y
0
dx
1
µ2(1− y) +m2py2 − 2kp · kx(1 − y)
{[
m2py(2− y)− 2kp · k(1− x)(1 − y)
+mpkˆ(1− y)
]
γα +
[
− 2mpkαp (1− y2) + 2kαp kˆ(1 − x)(1 − y)
]}
. (B-35)
To leading order in the large proton mass expansion we obtain the following result
Λαp (kp, q) = (Z
(p)
1 − 1) γα +
e2
8π2
(
ℓn
( Λ
mp
)
+
5
4
)
γα +
e2
8π2
(
2ℓn
(
− 2kp · k
m2p
)
− 1
) kαp
mp
(B-36)
(see Eq.(B-66) with the replacement me → mp and ke → kp, where we have dropped the terms of order O(1/mp)).
The calculation of the proton self–energy corrections in Eq.(B-5) and Eq.(B-7) runs as follows. For the calculation of
the integrals over q we regularize the photon propagator
1
q2 + i0
→ 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0 . (B-37)
Then, we rewrite Eq.(B-5) and Eq.(B-7) as follows
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ) + e2
∫
d4q
(2π)4i
γβ(mp + kˆp + kˆ + qˆ)γβ
[m2p − (kp + k + q)2 − i0]
×
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
(B-38)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp) + e2
∫
d4q
(2π)4i
γβ(mp + kˆp + qˆ)γβ
[m2p − (kp + q)2 − i0]
×
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
. (B-39)
Using the algebra of the Dirac matrices we get
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ) + e2
∫
d4q
(2π)4i
4mp − 2(kˆp + kˆ + qˆ)
[m2p − (kp + k + q)2 − i0]
×
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
(B-40)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp) + e2
∫
d4q
(2π)4i
4mp − 2(kˆp + qˆ)
[m2p − (kp + q)2 − i0]
×
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
. (B-41)
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Merging the proton and photon propagators we obtain
1
[m2p − (kp + k + q)2 − i0]
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
=
=
∫ 1
0
dx
( 1
[Λ2(1− x) +m2px− (kp + k)2x(1 − x)− (q + (kp + k)x)2 − i0]2
− 1
[µ2(1− x) +m2px− (kp + k)2x(1− x)− (q + (kp + k)x)2 − i0]2
(B-42)
and
1
[m2p − (kp + q)2 − i0]
( 1
Λ2 − q2 − i0 −
1
µ2 − q2 − i0
)
=
=
∫ 1
0
dx
( 1
[Λ2(1− x) +m2px− k2px(1− x)− (q + kpx)2 − i0]2
− 1
[µ2(1− x) +m2px− k2px(1− x) − (q + kpx)2 − i0]2
(B-43)
Plugging Eq.(B-42) and Eq.(B-43) into Eq.(B-40) and Eq.(B-41), respectively, making a shift of variables q + (kp +
k)x→ q and q+kpx→ q and integrating over the 4–dimensional solid angle in the q–space we arrive at the expressions
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)
+
e2
8π2
∫ 1
0
dx
∫
d4q
π2i
{ mp(1 + x) + (mp − kˆp − kˆ)(1 − x)
[Λ2(1− x) +m2px− (kp + k)2x(1 − x)− q2 − i0]2
− mp(1 + x) + (mp − kˆp − kˆ)(1 − x)
[µ2(1− x) +m2px− (kp + k)2x(1− x)− q2 − i0]2
}
(B-44)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)
+
e2
8π2
∫ 1
0
dx
∫
d4k
π2i
{ mp(1 + x) + (mp − kˆp)(1− x)
[Λ2(1− x) +m2px− k2px(1 − x)− q2 − i0]2
− mp(1 + x) + (mp − kˆp)(1 − x)
[µ2(1− x) +m2px− k2px(1 − x)− q2 − i0]2
}
. (B-45)
Making the Wick rotation and integrating over q2 we get
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp − kˆ)(1 − x)
)
× ℓn
(Λ2(1− x) +m2px− (kp + k)2x(1 − x)
µ2(1− x) +m2px− (kp + k)2x(1 − x)
)
(B-46)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp)(1− x)
)
× ℓn
(Λ2(1 − x) +m2px− k2px(1 − x)
µ2(1− x) +m2px− k2px(1 − x)
)
. (B-47)
Since Λ≫ mp, we may reduces the integrands to the form
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp − kˆ)(1 − x)
)
×
{
ℓn
( Λ2
µ2(1 − x) +m2px− (kp + k)2x(1− x)
)
+ ℓn(1− x)
}
(B-48)
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and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp)(1− x)
)
×
{
ℓn
( Λ2
µ2(1− x) +m2px− k2px(1 − x)
)
+ ℓn(1− x)
}
. (B-49)
The next step is to rewrite Eq.(B-48) and Eq.(B-49) in the following form
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp − kˆ)(1 − x)
)
×
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1− x) − ℓn
(
1 +
(m2p − (kp + k)2)x(1 − x)
m2px
2 + µ2(1− x)
)}
(B-50)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)−
e2
8π2
∫ 1
0
dx
(
mp(1 + x) + (mp − kˆp)(1− x)
)
×
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1− x)− ℓn
(
1 +
(m2p − k2p)x(1 − x)
m2px
2 + µ2(1− x)
)}
. (B-51)
For the proton on–mass shell k2p = m
2
p we transcribe Eq.(B-50) and Eq.(B-51) into the form
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)−mp
e2
8π2
∫ 1
0
dx (1 + x)
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1 − x)
}
−(mp − kˆp − kˆ) e
2
8π2
∫ 1
0
dx (1− x)
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1 − x)− ℓn
(
1− 2kp · k x(1 − x)
m2px
2 + µ2(1− x)
)}
(B-52)
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)−mp
e2
8π2
∫ 1
0
dx (1 + x)
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1 − x)
}
−(mp − kˆp) e
2
8π2
∫ 1
0
dx (1 − x)
{
ℓn
( Λ2
m2px
2 + µ2(1− x)
)
+ ℓn(1− x)
}
. (B-53)
Keeping only the leading order contributions in the large proton mass expansion we get
Σ(p)(kp, k) = −δmp − (Z(p)2 − 1) (mp − kˆp − kˆ)− 3mp
e2
8π2
(
ℓn
( Λ
mp
)
+
1
4
)
−(mp − kˆp − kˆ) e
2
8π2
(
ℓn
( Λ
mp
)
+
5
4
)
+
e2
8π2
kp · k
mp
(
2 ℓn
(
− 2kp · k
mp
)
− 1
)
(B-54)
(see Eq.(B-67) with the replacement me → mp and ke → kp, where we have dropped the terms of order O(1/mp))
and
Σ(p)(kp) = −δmp − (Z(p)2 − 1) (mp − kˆp)− 3mp
e2
8π2
(
ℓn
( Λ
mp
)
+
1
4
)
−(mp − kˆp) e
2
8π2
(
ℓn
( Λ
mp
)
+
5
4
)
. (B-55)
As a result, the renormalization parameters Z
(p)
1 , δmp and Z
(p)
2 are given by
δmp = −3mp e
2
8π2
(
ℓn
( Λ
mp
)
+
1
4
)
Z
(p)
1 = Z
(p)
2 = 1−
e2
8π2
(
ℓn
( Λ
mp
)
+
5
4
)
. (B-56)
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They are calculated in agreement with the Ward identity Z
(p)
1 = Z
(p)
2 , required by gauge invariance. Thus, the
renormalized (ppγ) vertex Λ¯αp (kp, k) and proton self–energy corrections Σ¯
(p)(kp, k) and Σ¯
(p)(kp) are equal to
Λ¯αp (kp, k) =
e2
8π2
(
2ℓn
(
− 2kp · k
m2p
)
− 1
) kαp
mp
,
Σ¯(p)(kp, k) =
e2
8π2
kp · k
mp
(
2 ℓn
(
− 2kp · k
m2p
)
− 1
)
,
Σ¯(p)(kp) = 0, (B-57)
The sum of the renormalized amplitudes in Fig. 2a, 2b and 2c is given by∑
j=a,b,c
MFig.2j(n→ pe−ν¯eγ)λ′ =
[
u¯p(~kp, σp) ε
∗
λ′ · Λ¯p(kp, k)
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
+
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
Σ¯(p)(kp, k)
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-58)
where we have taken into account that Σ¯(p)(kp) = 0. Since the renormalized (ppγ) vertex Λ¯
α
p (kp, k) and proton
self–energy correction Σ¯(p)(kp, k) obey the Ward identity [18]
k · Λ¯p(kp, k) = Σ¯(p)(kp, k), (B-59)
the amplitude Eq.(B-58) is invariant under the gauge transformation ε∗λ′(k) → ε∗λ′(k) + c k. This confirms the
correctness of the calculation of the diagrams in Fig. 2a, 2b and 2c.
Now we may proceed to the calculation of the Feynman diagrams in Fig. 2d, 2e and 2f. Skipping intermediate
calculations, which are similar to those we have performed for the diagrams in Fig. 2a, 2b and 2c, we arrive at the
following expressions for the (e−e−γ) vertex function and electron self–energy corrections
Λαe (ke, k) = (Z
(e)
1 − 1) γα + γα
e2
8π2
∫ 1
0
dy
∫ y
0
dx ℓn
( Λ2(1− y)
µ2(1 − y) +m2ey2 − 2ke · kx(1 − y)
)
+
e2
8π2
∫ 1
0
dy
∫ y
0
dx
1
µ2(1− y) +m2ey2 − 2ke · kx(1 − y)
{[
m2ey(2− y)− 2ke · k(1− x)(1 − y)
+mekˆ(1− y)
]
γα +
[
− 2mekαe (1 − y2) + 2kαe kˆ(1− x)(1 − y)
]}
(B-60)
and
Σ(e)(ke, k) = −δme − (Z(e)2 − 1) (me − kˆe − kˆ)−
e2
8π2
∫ 1
0
dx
(
me(1 + x) + (me − kˆe − kˆ)(1 − x)
)
×
{
ℓn
( Λ2
m2ex
2 + µ2(1 − x)
)
+ ℓn(1− x)− ℓn
(
1− 2ke · k x(1 − x)
m2ex
2 + µ2(1− x)
)}
(B-61)
and
Σ(e)(ke) = −δme − (Z(e)2 − 1) (me − kˆe)− 3me
e2
8π2
(
ℓn
( Λ
me
)
+
1
4
)
− (me − kˆe) e
2
8π2
(
ℓn
( Λ
me
)
+
5
4
)
, (B-62)
where we have kept the electron on–mass shell k2e = m
2
e. For the calculation of Λ
α
e (ke, k) we propose to transcribe it
into the form
Λαe (ke, k) = (Z
(e)
1 − 1) γα +
e2
8π2
γα
∫ 1
0
dy
∫ y
0
dx
{
ℓn
( Λ2
m2ey
2 + µ2(1− y)
)
+ ℓn(1− y)
}
+
e2
8π2
γα
∫ 1
0
dy
∫ y
0
dx ℓn
( m2ey2 + µ2(1− y)
m2ey
2 + µ2(1− y)− 2ke · k x(1 − y)
)
+
e2
8π2
∫ 1
0
dy
∫ y
0
dx
1
m2ey
2 + µ2(1− y)− 2ke · k x(1− y)
{[
m2e y (2− y)− 2ke · k (1− x)(1 − y) +mekˆ (1− y)
]
γα
+
[
− 2mekαe (1− y2) + 2kαe kˆ (1 − x)(1 − y)
]}
. (B-63)
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The result of the calculation of the first integral in Eq.(B-63) is equal to
γα
∫ 1
0
dy
∫ y
0
dx
{
ℓn
( Λ2
m2ey
2 + µ2(1− y)
)
+ ℓn(1− y)
}
= γα
(
ℓn
( Λ
me
)
+
5
4
)
. (B-64)
For the last two integrals in Eq.(B-63) we obtain the following result
γα
∫ 1
0
dy
∫ y
0
dx ℓn
( m2ey2 + µ2(1 − y)
m2ey
2 + µ2(1 − y)− 2ke · k x(1 − y)
)
+
∫ 1
0
dy
∫ y
0
dx
1
m2ey
2 + µ2(1− y)− 2ke · k x(1 − y)
×
{[
m2e y (2− y)− 2ke · k (1− x)(1 − y) +mekˆ (1− y)
]
γα +
[
− 2mekαe (1 − y2) + 2kαe kˆ(1− x)(1 − y)
]}
=
= γα
{1
2
+ ℓn
(
− 2ke · k
m2e
) [ m2e + ke · k
m2e + 2ke · k
− m
2
e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
− m
2
e
2ke · k Li2
(
− 2ke · k
m2e
)
+
mekˆ
m2e + 2ke · k
× ℓn
(
− 2ke · k
m2e
)}
+
kαe
me
{
− m
2
e
m2e + 2ke · k
+ 2
m2e(m
2
e + 3ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)}
+
kαe kˆ
ke · k
{ m2e + ke · k
m2e + 2ke · k
+ℓn
(
− 2ke · k
m2e
) [
− (m
2
e + ke · k)(m2e + 4ke · k)
(m2e + 2ke · k)2
+
m2e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
+
m2e
2ke · k Li2
(
− 2ke · k
m2e
)}
, (B-65)
where we have used a relation kˆγα = −γαkˆ + 2kα and omitted the term 2kα. Then, Li2(−2ke · k/m2e) is the Spence
function. Summing up the contributions, for the vertex Λαe (ke, k) we obtain the following analytical expression
Λαe (ke, k) = (Z
(e)
1 − 1) γα +
e2
8π2
γα
(
ℓn
( Λ
me
)
+
5
4
)
+
e2
8π2
γα
{
− 1 + ℓn
(
− 2ke · k
m2e
) [ m2e + ke · k
m2e + 2ke · k
− m
2
e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
− m
2
e
2ke · k Li2
(
− 2ke · k
m2e
)
+
mekˆ
m2e + 2ke · k
ℓn
(
− 2ke · k
m2e
)}
+
e2
8π2
kαe
me
{
− m
2
e
m2e + 2ke · k
+ 2
m2e(m
2
e + 3ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)}
+
e2
8π2
kαe kˆ
ke · k
{ m2e + ke · k
m2e + 2ke · k
− ℓn
(
− 2ke · k
m2e
) [ (m2e + ke · k)(m2e + 4ke · k)
(m2e + 2ke · k)2
− m
2
e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
+
m2e
2ke · k Li2
(
− 2ke · k
m2e
)}
. (B-66)
Now we may proceed to the calculation of the electron self–energy correction Σ(e)(ke, k), defined by Eq.(B-61). The
result is
Σ(e)(ke, k) = −δme − (Z(e)2 − 1) (me − kˆe − kˆ)− 3me
e2
8π2
(
ℓn
( Λ
me
)
+
1
4
)
− (me − kˆe − kˆ) e
2
8π2
(
ℓn
( Λ
me
)
+
5
4
)
+(me − kˆe − kˆ) e
2
8π2
[ ke · k
m2e + 2ke · k
+ 2
(ke · k)(m2e + ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)]
+me
e2
8π2
[
− ke · k
m2e + 2ke · k
+2
(ke · k)(m2e + 3ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)]
. (B-67)
The renormalization parameters Z
(e)
1 , δme and Z
(e)
2 are given by
δme = −3me e
2
8π2
(
ℓn
( Λ
me
)
+
1
4
)
Z
(e)
1 = Z
(e)
2 = 1−
e2
8π2
(
ℓn
( Λ
me
)
+
5
4
)
, (B-68)
where the counterterms Z
(e)
1 and Z
(e)
2 obey the Ward identity Z
(e)
1 = Z
(e)
2 [18]. Thus, for the renormalized (e
−e−γ)
vertex Λ¯αe (ke, k) and electron self–energy corrections Σ¯
(e)(ke, k) and Σ¯
(e)(ke) we obtain the following expressions
ε∗λ′ · Λ¯e(ke, k) =
e2
8π2
[
εˆ∗λ′ F1(ke · k) +
εˆ∗λ′ kˆ
me
F2(ke · k) + ε
∗
λ′ · ke
me
F3(ke · k) + ε
∗
λ′ · ke
ke · k kˆ F4(ke · k)
]
,
Σ¯(e)(ke, k) = me
e2
8π2
F5(ke · k) + (me − kˆe − kˆ) e
2
8π2
F6(ke · k),
Σ¯(e)(ke) = 0, (B-69)
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where the functions Fj(ke · k) for j = 1, 2, . . . , 6 are equal to
F1(ke · k) = −1 + ℓn
(
− 2ke · k
m2e
) [ m2e + ke · k
m2e + 2ke · k
− m
2
e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
− m
2
e
ke · k Li2
(
− 2ke · k
m2e
)
,
F2(ke · k) = m
2
e
m2e + 2ke · k
ℓn
(
− 2ke · k
m2e
)
,
F3(ke · k) = − m
2
e
m2e + 2ke · k
+ 2
m2e(m
2
e + 3ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)
,
F4(ke · k) = m
2
e + ke · k
m2e + 2ke · k
− ℓn
(
− 2ke · k
m2e
) [ (m2e + ke · k)(m2e + 4ke · k)
(m2e + 2ke · k)2
− m
2
e
2ke · k ℓn
(
1 +
2ke · k
m2e
)]
+
m2e
2ke · k Li2
(
− 2ke · k
m2e
)
,
F5(ke · k) = − ke · k
m2e + 2ke · k
+ 2
(ke · k)(m2e + 3ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)
,
F6(ke · k) = ke · k
m2e + 2ke · k
+ 2
(ke · k)(m2e + ke · k)
(m2e + 2ke · k)2
ℓn
(
− 2ke · k
m2e
)
. (B-70)
After renormalization the sum of the diagrams in Fig. 2d, Fig. 2e and Fig. 2f is equal to
∑
j=d,e,f
MFig.2j(n→ pe−ν¯eγ)λ′ = −
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) ε
∗
λ′ · Λ¯e(ke, k)
1
me − kˆe − kˆ − i0
× γµ(1− γ5) vν(~kν ,+1
2
)
]
−
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
Σ¯(e)(ke, k)
× 1
me − kˆe − kˆ − i0
γµ(1− γ5) vν(~kν ,+1
2
)
]
, (B-71)
where we have taken into account that Σ¯(e)(ke) = 0. The correctness of the calculation of the renormalized (e
−e−γ)
vertex function and electron self–energy corrections we verify by using the Ward identity [18] (see also [19]). Indeed,
one may show that the amplitude Eq.(B-71) is invariant under the gauge transformation ε∗λ′(k) → ε∗λ′(k) + c k if
Λ¯αe (ke, k) and Σ¯
(e)(ke, k) obey the Wald identity
k · Λ¯e(ke, k) = Σ¯(e)(ke, k), (B-72)
multiplied by u¯e(~ke, σe) or at kˆe = me [18], The Ward identity Eq.(B-72) imposes the following relations between the
functions Fj(ke · k):
F1(ke, k) + F4(ke · k) = −F6(ke · k),
ke · k
me
F3(ke · k) = me F5(ke · k). (B-73)
The functions Fj(ke · k) with j = 1, 3, 4, 5, 6 in Eq.(B-70) fulfil the constraints Eq.(B-73).
Since to leading order in the large proton mass expansion and in the physical gauge of a photon the diagrams
Fig. 2a, Fig. 2b and Fig. 2c vanish, the contribution of the diagrams in Fig. 2 to the amplitude of the neutron radiative
β−–decay is defined fully by the diagrams Fig. 2d, Fig. 2e and Fig. 2f, respectively. In the non–relativistic limit the
contribution of the diagrams Fig. 2 is given by
MFig.2(n→ pe−ν¯eγ)λ′ = 2mn
e2
8π2
1
2ke · k
{
[ϕ†pϕn]
{
u¯e(~ke, σe)
[
2 ελ′ · ke
(
F1 + F3 + F4 − m
2
e
ke · k F5 + F6
)
+εˆ∗λ′ kˆ
(
F1 + 2F2 − m
2
e
ke · k F5 + F6
)
+
2ke · k
me
εˆ∗λ′
(
F2 − m
2
e
2ke · k F5
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
γ0
× (1− γ5) vν(~kν ,+1
2
)
}
− λ[ϕ†p~σ ϕn] ·
{
u¯e(~ke, σe)
[
2 ελ′ · ke
(
F1 + F3 + F4 − m
2
e
ke · k F5 + F6
)
+εˆ∗λ′ kˆ
(
F1 + 2F2 − m
2
e
ke · k F5 + F6
)
+
2ke · k
me
εˆ∗λ′
(
F2 − m
2
e
2ke · k F5
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
~γ
× (1− γ5) vν(~kν ,+1
2
)
]}}
. (B-74)
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Using the relations Eq.(B-73), which are imposed by gauge invariance, we transcribe Eq.(B-74) into the form
MFig.2(n→ pe−ν¯eγ)λ′ = 2mn
e2
8π2
1
2ke · k
{
[ϕ†pϕn]
{
u¯e(~ke, σe)
[
εˆ∗λ′ kˆ
(
2F2 − F3 − F4
)
+
ke · k
me
εˆ∗λ′
(
2F2 − F3
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
γ0 (1 − γ5) vν(~kν ,+1
2
)
}
− λ[ϕ†p~σ ϕn] ·
{
u¯e(~ke, σe)
[
εˆ∗λ′ kˆ
(
2F2 − F3 − F4
)
+
ke · k
me
εˆ∗λ′
(
2F2 − F3
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
~γ (1− γ5) vν(~kν ,+1
2
)
}}
. (B-75)
The amplitude Eq.(B-75) is gauge invariant. It vanishes after the replacement ε∗λ′ → k for a photon on–mass shell
k2 = 0. The contribution of the diagrams in Fig. 2 to the rate of the neutron radiative β−–decay with photon energies
from the interval ωmin ≤ ω ≤ ωmax is given by
λ
(Fig2)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2FVud|2
32π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe F (Ee, Z = 1) (E0 − Ee − ω)
√
E2e −m2e ω
×
∫
dΩeγ
4π
∫
dΩν
4π
[1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.2(n→ pe−ν¯eγ)λ′ + h.c.
)]∣∣∣
Eν=E0−Ee−ω
, (B-76)
where the abbreviation h.c. means “hermitian conjugate”. Then, M˜Fig.2 = (8π2/2mne2)MFig.2 and dΩeγ and dΩν
are infinitesimal solid angle elements of the electron–photon momentum correlations and antineutrino, respectively.
The sum over polarizations of interacting particles is defined by the following traces over Dirac matrices
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.2(n→ pe−ν¯eγ)λ′ + h.c.
)
=
1
1 + 3λ2
2
(2ke · k)2
×
∑
λ′
{
tr{(me + kˆe)
[
εˆ∗λ′ kˆ
(
2F2 − F3 − F4
)
+
ke · k
me
εˆ∗λ′
(
2F2 − F3
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
γ0 (1− γ5)
× kˆνγ0
(
2ke · ελ′ + kˆεˆλ′
)
(1− γ5)}+ λ δij tr{(me + kˆe)
[
εˆ∗λ′ kˆ
(
2F2 − F3 − F4
)
+
ke · k
me
εˆ∗λ′
(
2F2 − F3
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
~γ i (1− γ5) kˆν~γ j
(
2ke · ελ′ + kˆεˆλ′
)
(1− γ5)}+ h.c.
}
. (B-77)
Having integrated over directions of the antineutrino momentum ~kν we get∫
dΩν
4π
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.2(n→ pe−ν¯eγ)λ′ + h.c.
)
=
Eν
(ke · k)2
×
∑
λ′
{
tr{(me + kˆe)
[
εˆ∗λ′ kˆ
(
2F2 − F3 − F4
)
+
ke · k
me
εˆ∗λ′
(
2F2 − F3
)
+
ε∗λ′ · ke
me
kˆ
(
− 2F2 + F3
)]
× γ0
(
2ke · ελ′ + kˆεˆλ′
)
(1− γ5)}+ h.c.
}
. (B-78)
The traces over the Dirac matrices are equal to
∑
λ′
tr{(me + kˆe) εˆ∗λ′ kˆ γ0
(
2ke · ελ′ + kˆεˆλ′
)
(1 − γ5)} = 8ω
(
k2e − (~ke · ~n~k)2
)
+ 16ω2
(
Ee − ~ke · ~n~k
)
,
∑
λ′
tr{(me + kˆe) εˆ∗λ′ γ0
(
2ke · ελ′ + kˆεˆλ′
)
(1 − γ5)} = −8me ω,
∑
λ′
(ke · ε∗λ′) tr{(me + kˆe) kˆ γ0
(
2ke · ελ′ + kˆεˆλ′
)
(1 − γ5)} = 8me ω
(
k2e − (~ke · ~n~k)2
)
. (B-79)
Thus, we get
∫
dΩν
4π
1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.2(n→ pe−ν¯eγ)λ′ + h.c.
)
=
Eν
(ke · k)2
×
{
8ωReF4
(
k2e − (~ke · ~n~k)2
)
+ 8ω2Re (2F2 − F3 − 2F4)
(
Ee − ~ke · ~n~k
)}
, (B-80)
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where ReF4 and Re(2F2 − F3 − 2F4) are the real parts of the functions F2, F3 and F4, i.e. ReFj = (Fj + F ∗j )/2 for
j = 2, 3, 4. Plugging Eq.(B-80) into Eq.(B-76) we obtain
λ
(Fig 2)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2FVud|2
4π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe F (Ee, Z = 1) (E0 − Ee − ω)2
√
E2e −m2e
×
∫
dΩeγ
4π
{ k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
ReF4 +
ω
Ee − ~ke · ~n~k
Re (2F2 − F3 − 2F4)
}
, (B-81)
where F2, F3 and F4 are given in Eq.(B-70) as functions of ke · k = ω (Ee−~ke ·~n~k). It is important to emphasize that
the contribution of the diagrams in Fig. 2 to the rate of the neutron radiative β−–decay is not infrared divergent.
Appendix C: The amplitude of the neutron radiative β−–decay, described by Feynman diagrams in Fig. 3
Since, according to our calculations in Appendix B, the renormalized self–energy corrections Σ(p)(kp) and Σ
(e)(ke)
of the proton and electron vanish, the contributions of the Feynman diagrams Fig. 3a and Fig. 3b to the amplitude of
the neutron radiative β−–decay vanish. At first glimpse, non–trivial contributions of the diagrams in Fig. 3 are given
by the diagrams in Fig. 3c and Fig. 3d. The analytical expression for the diagrams Fig. 3c and Fig. 3d are
MFig.3c(n→ pe−ν¯eγ)λ′ =
= e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α 1
mp − kˆp + qˆ − i0
Jµ(kp, kp + k)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γβ
1
me − kˆe − kˆ − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
Dαβ(q) (C-1)
and
MFig.3d(n→ pe−ν¯eγ)λ′ =
= −e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα
1
mp − kˆp + qˆ − kˆ − i0
Jµ(kp, kp + k)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γ
β 1
me − kˆe − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
Dαβ(q), (C-2)
where Jµ(kp, kp + k) is a hadronic current, described by the shaded region of the diagrams. In case of strong
interactions, defined by only the axial coupling constant λ, the hadronic current Jµ(kp, kp+ k) is equal to J
µ(kp, kp+
k) = γµ(1 + λγ5). Let us check invariance of the Feynman diagrams Fig. 3c and Fig. 3d under gauge transformations
ε∗λ′(k)→ ε∗λ′(k) + ck and Dαβ(q)→ Dαβ(q) + c(q2) qαqβ . Making, first, a gauge transformation ε∗λ′(k)→ ε∗λ′(k) + ck
for the contributions of the term ck we get the following expressions
MFig.3c(n→ pe−ν¯eγ)λ′
∣∣∣
ε∗
λ′
(k)→k
=
= −e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α 1
mp − kˆp + qˆ − i0
Jµ(kp, kp + k)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γ
β 1
me − kˆe − kˆ − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
Dαβ(q) (C-3)
and
MFig.3d(n→ pe−ν¯eγ)λ′
∣∣∣
ε∗
λ′
→k
=
= +e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α 1
mp − kˆp + qˆ − kˆ − i0
Jµ(kp, kp + k)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γ
β 1
me − kˆe − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
Dαβ(q), (C-4)
26
where we have used the Dirac equations for the free proton and electron. One may see that the sum of the diagrams
Fig. 3c and Fig. 3d is not invariant under a gauge transformation ε∗λ′(k)→ ε∗λ′(k) + ck. It is obvious that the sum of
the diagrams Fig. 3c and Fig. 3d is not also invariant under a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ .
Now we may proceed to the calculation of the Feynman diagrams Fig. 3c and Fig. 3d. For this aim we replace
Jµ(kp, kp + k) by J
µ(kp, kp + k) → γµ(1 + λγ5). Then, merging denominators and skipping standard intermediate
calculations we transcribe the r.h.s. of Eq.(C-1) and Eq.(C-2) into the form
MFig.3c(n→ pe−ν¯eγ)λ′ = e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α(mp + kˆp − kˆp(x)y) γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ + kˆp(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
]
×
( 1
[q2 − k2p(x)y2 + 2(ke · k)(1 − x)y − µ2(1− y) + i0]3
− 1
[q2 − k2p(x)y2 + 2(ke · k)(1 − x)y − Λ2(1 − y) + i0]3
)
−e2 1
4
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4i
( q2
[q2 − k2p(x)y2 + 2(ke · k)(1 − x)y − µ2(1− y) + i0]3
− q
2
[q2 − k2p(x)y2 + 2(ke · k)(1− x)y − Λ2(1− y) + i0]3
)
, (C-5)
and
MFig.3d(n→ pe−ν¯eγ)λ′ =
= −e2
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4i
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ + kˆe(x)y) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe − kˆe(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
]
×
( 1
[q2 − k2e(x)y2 + 2(kp · k)(1− x)y − µ2(1− y) + i0]3
− 1
[q2 − k2e(x)y2 + 2(kp · k)(1− x)y − Λ2(1− y) + i0]3
)
+e2
1
4
[
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y
∫
d4q
(2π)4i
( q2
[q2 − k2e(x)y2 + 2(kp · k)(1 − x)y − µ2(1− y) + i0]3
− q
2
[q2 − k2e(x)y2 + 2(kp · k)(1− x)y − Λ2(1− y) + i0]3
)
, (C-6)
where we have denoted kp(x) = kpx − (ke + k) (1 − x) and ke(x) = kex − (kp + k) (1 − x), respectively. Making the
Wick rotation and integrating over q2 we arrive at the expressions
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) γ
α(mp + kˆp − kˆp(x)y) γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ + kˆp(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
]
×
( 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y) −
1
k2p(x)y
2 − 2(ke · k)(1− x)y + Λ2(1− y)
)
− e
2
64π2
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1 − γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y ℓn
(k2p(x)y2 − 2(ke · k)(1 − x)y + Λ2(1− y)
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y)
)
(C-7)
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and
MFig.3d(n→ pe−ν¯eγ)λ′ =
= +e2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ + kˆe(x)y) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe − kˆe(x)y) γµ(1 − γ5)vν(~kν ,+1
2
)
]
×
( 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1 − y) −
1
k2e(x)y
2 − 2(kp · k)(1− x)y + Λ2(1− y)
)
+
e2
64π2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y ℓn
(k2e(x)y2 − 2(kp · k)(1− x)y + Λ2(1− y)
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
)
. (C-8)
For Λ≫ mp we get
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) γ
α(mp + kˆp − kˆp(x)y) γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ + kˆp(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1 − y)
− e
2
64π2
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1 − γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y ℓn
( Λ2(1− y)
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y)
)
(C-9)
and
MFig.3d(n→ pe−ν¯eγ)λ′ =
= +
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ + kˆe(x)y) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe − kˆe(x)y) γµ(1 − γ5)vν(~kν ,+1
2
)
]
× 1
k2e(x)y
2 − 2(kp · k)(1 − x)y + µ2(1− y)
+
e2
64π2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y ℓn
( Λ2(1− y)
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1 − y)
)
. (C-10)
First, in the last terms of Eq.(C-9) and Eq.(C-10) we integrate over x and y. Keeping only the leading terms in the
large proton mass expansion we get
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) γ
α(mp + kˆp − kˆp(x)y) γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ + kˆp(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y) −
e2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
(C-11)
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and
MFig.3d(n→ pe−ν¯eγ)λ′ =
= +
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ + kˆe(x)y) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe − kˆe(x)y) γµ(1− γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1 − x)y + µ2(1− y)
+
e2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
. (C-12)
One may see that the terms dependent on the ultra–violet cut–off Λ are invariant under a gauge transformation
ε∗λ′(k) → ε∗λ′(k) + ck. For the integration over x and y in the first terms of Eq.(C-11) and Eq.(C-12) we transcribe
them as follows
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
32π2
[
u¯p(~kp, σp) γ
α(mp + kˆp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ) γµ(1 − γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y
1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1 − y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
α(mp + kˆp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γαkˆp(x) γµ(1 − γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γαkˆp(x) γµ(1 − γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
− e
2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1 − γ5)vν(~kν ,+1
2
)
]
(C-13)
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and
MFig.3d(n→ pe−ν¯eγ)λ′ = +
e2
32π2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe) γµ(1− γ5)vν(~kν ,+1
2
)
] ∫ 1
0
dx
∫ 1
0
dy 2y
1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1 − y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γαkˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα(me + kˆe) γµ(1− γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γαkˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
+
e2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
. (C-14)
Using the Dirac equations for the free proton and electron we get
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
16π2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
30
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
kˆp(me + kˆe + kˆ) γµ(1− γ5)vν(~kν ,+1
2
)
]
×
∫ 1
0
dx
∫ 1
0
dy 2y
1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα(me + kˆe + kˆ) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
− e
2
16π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
kˆpkˆp(x) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γαkˆp(x) γµ(1 − γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
− e
2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1 − γ5)vν(~kν ,+1
2
)
]
(C-15)
and
MFig.3d(n→ pe−ν¯eγ)λ′ = +
e2
16π2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
kˆe(mp + kˆp + kˆ) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1 − γ5)vν(~kν ,+1
2
)
] ∫ 1
0
dx
∫ 1
0
dy 2y
1
k2e(x)y
2 − 2(kp · k)(1 − x)y + µ2(1− y)
+
e2
16π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
kˆekˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γα(mp + kˆp + kˆ) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γαkˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
+
e2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
. (C-16)
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It is convenient to rewrite Eq.(C-15) and Eq.(C-16) as follows
MFig.3c(n→ pe−ν¯eγ)λ′ = −
e2
16π2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]{[
u¯e(~ke, σe) εˆ
∗
λ′ kˆp γµ(1− γ5)vν(~kν ,+
1
2
)
]
+2kp · (ke + k)
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)
]}
×
∫ 1
0
dx
∫ 1
0
dy 2y
1
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]{[
u¯e(~ke, σe) εˆ
∗
λ′ γα γµ(1− γ5)vν(~kν ,+
1
2
)
]
+2(ke + k)α
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]}
× 1
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y)
− e
2
16π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
kˆpkˆp(x) γµ(1− γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y)
+
e2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) γ
αkˆp(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γαkˆp(x) γµ(1 − γ5)vν(~kν ,+1
2
)
]
× 1
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y)
− e
2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γα γβ γµ(1 − γ5)vν(~kν ,+1
2
)
]
(C-17)
and
MFig.3d(n→ pe−ν¯eγ)λ′ = +
e2
16π2
{[
u¯p(~kp, σp) εˆ
∗
λ′ kˆe γ
µ(1 + λγ5)un(~kn, σn)
]
+2ke · (kp + k)
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]}
×
[
u¯e(~ke, σe) γµ(1 − γ5)vν(~kν ,+1
2
)
] ∫ 1
0
dx
∫ 1
0
dy 2y
1
k2e(x)y
2 − 2(kp · k)(1 − x)y + µ2(1− y)
+
e2
16π2
∫ 1
0
dx
∫ 1
0
dy 2y2
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
kˆekˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y2
{[
u¯p(~kp, σp) εˆ
∗
λ′ γ
α γµ(1 + λγ5)un(~kn, σn)
]
+2(kp + k)α
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]}
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1 − γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1− y)
32
− e
2
32π2
∫ 1
0
dx
∫ 1
0
dy 2y3
[
u¯p(~kp, σp) εˆ
∗
λ′
1
mp − kˆp − kˆ − i0
γαkˆe(x) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαkˆe(x) γµ(1− γ5)vν(~kν ,+1
2
)
] 1
k2e(x)y
2 − 2(kp · k)(1− x)y + µ2(1 − y)
+
e2
32π2
(
ℓn
( Λ
mp
)
+
3
4
) [
u¯p(~kp, σp) εˆ
∗
λ′
1
me − kˆp − kˆ − i0
γα γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γµ(1− γ5)vν(~kν ,+1
2
)
]
. (C-18)
The calculation of the integrals over x and y to leading order in the large proton mass expansion runs as follows∫ 1
0
dx
∫ 1
0
dy 2y
kαp
k2p(x)y
2 − 2(ke · k)(1 − x)y + µ2(1− y) = 2k
α
p
∫ 1
0
dx
k2p(x)
ℓn
(
− k
2
p(x)
2ke · k
)
=
=
kαp
mp
1
|~ke + ~k |
{π2
3
− ℓn
(2|~ke + ~k |2
−ke · k
)
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)
− 1
2
ℓn2
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)
−2Li2
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)}
,
∫ 1
0
dx
∫ 1
0
dy 2y2
kˆp
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y) = 2
∫ 1
0
dx
k2p(x)
kˆp =
1
mp
{ kˆp
mp
[
ℓn
( m2p
(ke + k)2
)
− Ee + ω
|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)]
+
kˆe + kˆ
|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)}
,
∫ 1
0
dx
∫ 1
0
dy 2y2
kˆpkˆp(x)
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y) = 2
∫ 1
0
dx
k2p(x)
kˆpkˆp(x) =
[
ℓn
( m2p
(ke + k)2
)
− Ee + ω
|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)]
+
kˆp(kˆe + kˆ)
mp|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)
,
∫ 1
0
dx
∫ 1
0
dy 2y3
kαp (x)k
β
p (x)
k2p(x)y
2 − 2(ke · k)(1− x)y + µ2(1− y) =
∫ 1
0
dx
k2p(x)
kαp (x)k
β
p (x) = η
0αη0β . (C-19)
One may see that in Eq.(C-19) the second integral from above, calculated to leading order in the large proton mass
expansion, does not contribute to the amplitude Eq.(C-17). Then, to leading order in the large proton mass expansion
the contribution of the diagram Fig. 3d is proportional to ε0∗λ′ and vanishes in the physical gauge ε
∗
λ′ = (0, ~ε
∗
λ′) (see
Appendix A and [10, 15, 21]). Thus, below we may discuss the diagram Fig. 3c only. For the extraction of a physical
contribution of the diagram Fig. 3c we have to investigate the property of this diagram with respect to the gauge
transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ . For this aim we rewrite Eq.(C-2) as follows [10]
MFig.3c(n→ pe−ν¯eγ)λ′ = − e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) (2k
α
p − qα + i σαρqρ) γµ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γβ
1
me − kˆe − kˆ − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
, (C-20)
where σαρ = i2 (γ
αγρ − γργα) are the Dirac matrices [18] and the amplitude
M(1)
Fig.3c(n→ pe
−ν¯eγ)λ′ = − e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) i σ
αρqρ γ
µ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γβ
1
me − kˆe − kˆ − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
(C-21)
is invariant under a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ . Now we consider the expression
MFig.3c(n→ pe−ν¯eγ)λ′ −M(1)Fig.3c(n→ pe
−ν¯eγ)λ′ =
= − e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) (2k
α
p − qα) γµ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
33
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γβ
1
me − kˆe − kˆ − qˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)
]
, (C-22)
which we transcribe into the form
MFig.3c(n→ pe−ν¯eγ)λ′ −M(1)Fig.3c(n→ pe
−ν¯eγ)λ′ =
= e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) (2k
α
p − qα) γµ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
(me − kˆe − kˆ) γβ + 2 (ke + k)β + qβ − i σβϕqϕ
q2 + 2 (ke + k) · q + 2ke · k + i0 γµ(1− γ
5)vν(~kν ,+
1
2
)
]
. (C-23)
One may see that the amplitude
M(2)
Fig.3c(n→ pe
−ν¯eγ)λ′ = − e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) (2k
α
p − qα) γµ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
i σβϕqϕ
q2 + 2 (ke + k) · q + 2ke · k + i0γµ(1− γ
5)vν(~kν ,+
1
2
)
]
(C-24)
is also invariant under a gauge transformationDαβ(q)→ Dαβ(q)+c(q2) qαqβ . Now we discuss the following expression
MFig.3c(n→ pe−ν¯eγ)λ′ −M(1)Fig.3c(n→ pe
−ν¯eγ)λ′ −M(2)Fig.3c(n→ pe
−ν¯eγ)λ′ =
= − e2
∫
d4q
(2π)4i
Dαβ(q)
[u¯p(~kp, σp) (2k
α
p − qα) γµ(1 + λγ5)un(~kn, σn)]
q2 − 2kp · q + i0
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
(me − kˆe − kˆ) γβ + 2 (ke + k)β + qβ
q2 + 2 (ke + k) · q + 2ke · k + i0 γµ(1− γ
5)vν(~kν ,+
1
2
)]
, (C-25)
which we transcribe into the form
MFig.3c(n→ pe−ν¯eγ)λ′ −M(1)Fig.3c(n→ pe
−ν¯eγ)λ′ −M(2)Fig.3c(n→ pe
−ν¯eγ)λ′ =
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′ γ
β γµ(1− γ5)vν(~kν ,+1
2
)]
(− e2)
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)
q2 − 2kp · q + i0
1
q2 + 2 (ke + k) · q + 2ke · k + i0
+
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)]
× (− e2)
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)
q2 − 2kp · q + i0
2 (ke + k)
β + qβ
q2 + 2 (ke + k) · q + 2ke · k + i0 . (C-26)
Then, we propose to rewrite Eq.(C-26) as follows
MFig.3c(n→ pe−ν¯eγ)λ′ −
3∑
j=1
M(j)
Fig.3c(n→ pe
−ν¯eγ)λ′ =
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)]
e2
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)(2kβp − qβ)
(q2 − 2kp · q + i0)2
−
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′ γ
β γµ(1− γ5)vν(~kν ,+1
2
)]
× e2
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)
q2 − 2kp · q + i0
1
q2 + 2 (ke + k) · q + 2ke · k + i0
+
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1 − γ5)vν(~kν ,+1
2
)]
× e2
∫
d4q
(2π)4i
Dαβ(q)
qβ
q2
(2kαp − qα)
q2 − 2kp · q + i0
2ke · k
q2 + 2 (ke + k) · q + 2ke · k + i0 , (C-27)
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where M(3)
Fig.3c(n → pe−ν¯eγ)λ′ is the amplitude, invariant under a gauge transformation Dαβ(q) → Dαβ(q) +
c(q2) qαqβ , defined by
M(3)
Fig.3c(n→ pe
−ν¯eγ)λ′ = −
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)]
× e2
[ ∫ d4q
(2π)4i
Dαβ(q)
(2kαp − qα)
q2 − 2kp · q + i0
2 (ke + k)
β + qβ +
qβ
q2
2ke · k
q2 + 2 (ke + k) · q + 2ke · k + i0
+
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)(2kβp − qβ)
(q2 − 2kp · q + i0)2
]
. (C-28)
The r.h.s. of Eq.(C-27) is not invariant under a gauge transformation Dαβ(q)→ Dαβ(q) + c(q2) qαqβ . It is important
to emphasize that unlike a gauge non–invariant part of the Feynman diagram Fig. 6a, which is independent of the
electron energy, a gauge non–invariant part of the diagram Fig. 3c, given by the r.h.s. of Eq.(C-27), has a constant
part and a part dependent on the electron and photon energies and momenta. The results of the calculation are given
by
e2
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)(2kβp − qβ)
(q2 − 2kp · q + i0)2 =
e2
8π2
(
ξ ℓn
( Λ
mp
)
+ (3 − ξ) ℓn
( µ
mp
)
+
3
2
)
. (C-29)
For the second integral we obtain the following expression
e2
∫
d4q
(2π)4i
Dαβ(q)
(2kαp − qα)
q2 − 2kp · q + i0
1
q2 + 2 (ke + k) · q + 2ke · k + i0 = −
e2
8π2
kpβ
∫ 1
0
dx
k2p(x)
ℓn
(
− k
2
p(x)
2ke · k
)
+
e2
16π2
∫ 1
0
dx kpβ(x)
k2p(x)
+
e2
16π2
(1− ξ) (ke + k)β
(ke + k)2
[
1 +
m2e
(ke + k)2
ℓn
(
− 2ke · k
m2e
)]
, (C-30)
where kp(x) = kpx− (ke + k)(1− x). The third integral is equal to
e2
∫
d4q
(2π)4i
Dαβ(q)
qβ
q2
(2kαp − qα)
q2 − 2kp · q + i0
2ke · k
q2 + 2 (ke + k) · q + 2ke · k + i0 =
= − e
2
8π2
ξ
[
ℓn
(me
µ
)
+
(
1− ke · k
(ke + k)2
)
ℓn
(
− 2ke · k
m2e
)]
. (C-31)
Thus, a part of the amplitudeMFig.3c(n→ p e− ν¯eγ)λ′ , invariant under a gauge transformation Dαβ(q)→ Dαβ(q) +
c(q2) qαqβ , is given by
MFig.3c(n→ pe−ν¯eγ)λ′ =
= − e
2
16π2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)
]
× f1(Ee, ~ke, ω,~k )
− e
2
16π2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
1
me − kˆe − kˆ − i0
γ0 (kˆe + kˆ) γµ(1− γ5)vν(~kν ,+1
2
)
]
× f2(Ee, ~ke, ω,~k ), (C-32)
where the functions f1(Ee, ~ke, ω,~k ) and f2(Ee, ~ke, ω,~k ) are defined by
f1(Ee, ~ke, ω,~k ) = ℓn
( m2p
m2e + 2ke · k
)
− 2
(
1− ke · k
(ke + k)2
)
ℓn
(
− 2ke · k
m2e
)
− Ee + ω
|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)
,
f2(Ee, ~ke, ω,~k ) =
1
|~ke + ~k |
ℓn
(Ee + ω + |~ke + ~k |
Ee + ω − |~ke + ~k |
)
. (C-33)
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Independent of electron and photon energies and momenta contributions of MFig.3c(n → pe−ν¯eγ)λ′ are removed by
renormalization of the Fermi weak GF and axial λ coupling constant [5]. In the non–relativistic limit for the proton
the amplitude Eq.(C-32) is equal to
1
2mn
MFig.3c(n→ pe−ν¯eγ)λ′ =
=
e2
16π2
[ϕ†pϕn]
{[
u¯e(~ke, σe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (1 − γ5)vν(~kν ,+
1
2
)
] 1
2ke · k f1(Ee,
~ke, ω,~k )
+
[
u¯e(~ke, σe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ) γ0 (1− γ5)vν(~kν ,+
1
2
)
] 1
2ke · k f2(Ee,
~ke, ω,~k )
}
− e
2
16π2
λ [ϕ†pϕn] ·
{[
u¯e(~ke, σe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ)~γ (1 − γ5)vν(~kν ,+
1
2
)
] 1
2ke · k f1(Ee,
~ke, ω,~k )
+
[
u¯e(~ke, σe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ)~γ (1− γ5)vν(~kν ,+
1
2
)
] 1
2ke · k f2(Ee,
~ke, ω,~k )
}
. (C-34)
The hermitian conjugate amplitude is
1
2mn
M†
Fig.3c(n→ pe
−ν¯eγ)λ′ =
=
e2
16π2
[ϕ†nϕp]
{[
v¯ν(~kν ,+
1
2
) γ0 (2ke · ελ′ + kˆεˆλ′) (1 − γ5)ue(~ke, σe)
] 1
2ke · k f
∗
1 (Ee,
~ke, ω,~k )
+
[
v¯ν(~kν ,+
1
2
) γ0 (kˆe + kˆ) γ
0 (2ke · ελ′ + kˆ εˆλ′) (1− γ5)ue(~ke, σe)
] 1
2ke · k f
∗
2 (Ee,
~ke, ω,~k )
}
− e
2
16π2
λ [ϕ†pϕn] ·
{[
v¯ν(~kν ,+
1
2
)~γ (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)ue(~ke, σe)
] 1
2ke · k f
∗
1 (Ee,
~ke, ω,~k )
+
[
v¯ν(~kν ,+
1
2
)~γ (kˆe + kˆ) γ
0 (2 ke · ελ′ + kˆ εˆλ′) (1 − γ5)ue(~ke, σe)
] 1
2ke · k f
∗
2 (Ee,
~ke, ω,~k )
}
. (C-35)
The contribution of the diagrams in Fig. 3 to the rate of the neutron radiative β−–decay is defined by
λ
(Fig.3)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2FVud|2
64π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe F (Ee, Z = 1) (E0 − Ee − ω)
√
E2e −m2e ω
×
∫
dΩeγ
4π
∫
dΩν
4π
[1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.3(n→ pe−ν¯eγ)λ′ + h.c.
)]∣∣∣
Eν=E0−Ee−ω
,
(C-36)
where M˜Fig.3 = (16π2/2mne2)MFig.3c. The sum over polarizations of the proton, electron and photon, averaged
over polarizations of the neutron, is defined by the following traces over Dirac matrices
1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.3(n→ pe−ν¯eγ)λ′ + h.c.
)
=
1
1 + 3λ2
1
2(ke · k)2
×
{
f1 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 kˆνγ0 (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
+λ2 δij f1 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ)~γ i kˆν ~γ j (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
}
+
1
1 + 3λ2
1
2(ke · k)2
×
{
f2 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ ) γ0 kˆν γ0 (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
+λ2 δij f2 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ )~γ i kˆν ~γ j (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
}
+ h.c. . (C-37)
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Having integrated over directions of the antineutrino momentum ~kν we arrive at the expression∫
dΩν
4π
1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.3(n→ pe−ν¯eγ)λ′ + h.c.
)
=
Eν
1 + 3λ2
1
2(ke · k)2
×
{
f1 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
+λ2 δij f1 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ)~γ i γ0 ~γ j (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)}
}
+
Eν
1 + 3λ2
1
2(ke · k)2
×
{
f2 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
+λ2 δij f2 tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ )~γ i γ0 ~γ j (2ke · ελ′ + kˆ εˆλ′) (1− γ5)}
}
+ h.c. . (C-38)
Since δij~γ i γ0~γ j = ~γ · ~γ = 3 γ0, we get∫
dΩν
4π
1
2
∑
pol,λ′
1
1 + 3λ2
(
M†
Fig.1(n→ pe
−ν¯eγ)λ′M˜Fig.3(n→ pe−ν¯eγ)λ′ + h.c.
)
=
=
Eν
2(ke · k)2
{
f1
∑
λ′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)}
+f2
∑
λ′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)} + h.c.
}
. (C-39)
The traces are equal to∑
λ′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)} = 16 (Ee + ω)
(
k2e − (~ke · ~n~k)2
)
+16ω2
(
Ee − ~ke · ~n~k
)
,∑
λ′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) γ0 (kˆe + kˆ ) γ0 (2ke · ελ′ + kˆ εˆλ′) (1 − γ5)} =
= 16
(
2Ee(Ee + ω)− ω (Ee − ~ke · ~n~k)−m2e
)(
k2e − (~ke · ~n~k)2
)
+ 32ω (Ee + ω)
(
k2e − (~ke · ~n~k)2
)
+32ω2 (Ee + ω) (Ee − ~ke · ~n~k)− 16ω2 (Ee − ~ke · ~n~k)2. (C-40)
Plugging Eq.(C-40) into Eq.(C-36) for the contribution of the diagram in Fig. 3 to the rate of the neutron radiative
β−–decay with a photon from the energy region ωmin ≤ ω ≤ ωmax we obtain the following expression
λ
(Fig.3)
βγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2F |Vud|2
4π3
∫ ωmax
ωmin
dω
ω
∫ E0−ω
me
dEe F (Ee, Z = 1) (E0 − Ee − ω)2
√
E2e −m2e
×
∫
dΩeγ
4π
{
Ref1(Ee, ~ke, ω,~k )
[
(Ee + ω)
k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+
ω2
Ee − ~ke · ~n~k
]
+Ref2(Ee, ~ke, ω,~k )
[(
2 (Ee + ω)
2 −m2e
−ω (Ee − ~ke · ~n~k)
) k2e − (~ke · ~n~k)2
(Ee − ~ke · ~n~k)2
+ 2 (Ee + ω)
ω2
Ee − ~ke · ~n~k
− ω2
]}
, (C-41)
where the functions f1(Ee, ~ke, ω,~k ) and f2(Ee, ~ke, ω,~k ) are given in Eq.(C-33).
Appendix D: The amplitude of the neutron radiative β−–decay, described by Feynman diagrams in Fig. 4
The analytical expressions for the diagrams Fig. 4f and Fig. 4g are given by
MFig.4a(n→ pe−ν¯eγ)λ′ =
= −e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α 1
mp − kˆp + qˆ − i0
εˆ∗λ′
1
mp − kˆp − kˆ + qˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γ
α 1
me − kˆe − qˆ − i0
γµ(1 + λγ5) vν(~kν ,+
1
2
)
] 1
q2 + i0
(D-1)
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and
MFig.4b(n→ pe−ν¯eγ)λ′ =
= e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp) γ
α 1
mp − kˆp + qˆ − i0
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα
1
me − kˆe − qˆ − i0
εˆ∗λ′
1
me − kˆe − kˆ − qˆ − i0
γµ(1− γ5) vν(~kν ,+1
2
)
] 1
q2 + i0
(D-2)
For the calculation of the integrals over q we rewrite Eq.(D-1) and Eq.(D-2) as follows
MFig.4a(n→ pe−ν¯eγ)λ′ =
= e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp)
(2kαp − γαqˆ)
q2 − 2kp · q + i0 εˆ
∗
λ′
(mp + kˆp + kˆ − qˆ)
q2 − 2(kp + k) · q + 2kp · k + i0 γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(2keα + γαqˆ)
q2 + 2ke · q + i0 γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
] 1
q2 + i0
(D-3)
and
MFig.4b(n→ pe−ν¯eγ)λ′ =
= − e2
∫
d4q
(2π)4i
[
u¯p(~kp, σp)
(2kαp − γαqˆ)
q2 − 2kp · q + i0 γ
µ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(2keα + γαqˆ)
q2 + 2ke · q + i0 εˆ
∗
λ′
(me + kˆe + kˆ + qˆ)
q2 + 2(ke + k) · q + 2ke · k + i0 γµ(1− γ
5) vν(~kν ,+
1
2
)
] 1
q2 + i0
, (D-4)
where we have used the properties of the Dirac γ–matrices and Dirac equations for the free proton and electron [18],
keeping the proton and electron on–mass shell k2p = m
2
p and k
2
e = m
2
e. Then, we merge the denominators [10]
1
q2 − 2kp · q + i0
1
q2 − 2(kp + k) · q + 2kp · k + i0
1
q2 + 2ke · q + i0
1
q2 − µ2 + i0 =
=
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
[(q − kp(x, y)z)2 − k2p(x, y)z2 + 2kp · k xyz − µ2(1 − z) + i0]4
, (D-5)
and
1
q2 − 2kp · q + i0
1
q2 + 2ke · q + i0
1
q2 + 2(ke + k) · q + 2ke · k + i0
1
q2 − µ2 + i0 =
=
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
[(q + ke(x, y)z)2 − k2e(x, y)z2 + 2ke · k xyz − µ2(1− z) + i0]4
, (D-6)
where kp(x, y) = kpy−ke(1− y)+k xy, ke(x, y) = key−kp(1− y)+k xy and µ is a photon mass, regularizing infrared
divergences [5]. Making the shifts of variables q − kp(x, y)z → q and q + ke(x, y)z → q in Eq.(D-3) and Eq.(D-4),
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respectively, and integrating over the directions of the virtual 4–momentum q we arrive at the expressions
MFig.4a(n→ pe−ν¯eγ)λ′ =
= e2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
∫
d4q
(2π)4i
1
[q2 − k2p(x, y)z2 + 2kp · k xyz − µ2(1 − z) + i0]4
×
{[
u¯p(~kp, σp)
(
2kαp − γαkˆp(x)z
)
εˆ∗λ′
(
mp + kˆp + kˆ − kˆp(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(
2keα + γαkˆp(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
2
q2
[
u¯p(~kp, σp) γ
α εˆ∗λ′ γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe)
(
2keα + γαkˆp(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
q2
[
u¯p(~kp, σp) γ
α γβ εˆ∗λ′
(
mp + kˆp + kˆ − kˆp(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
q2
[
u¯p(~kp, σp)
(
2kαp − γαkˆp(x, y)z
)
εˆ∗λ′ γ
β γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5) vν(~kν ,+1
2
)
]}
(D-7)
and
MFig.4b(n→ pe−ν¯eγ)λ′ =
= − e2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
∫
d4q
(2π)4i
1
[q2 − k2e(x, y)z2 + 2ke · k xyz − µ2(1− z) + i0]4
×
{[
u¯p(~kp, σp)
(
2kαp + γ
αkˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(
2keα − γαkˆe(x, y)z
)
εˆ∗λ′
(
me + kˆe + kˆ − kˆe(x, y)z
)
γµ(1− γ5) vν(~kν ,+1
2
)
]
−1
2
q2
[
u¯p(~kp, σp)
(
2kαp + γ
αkˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα εˆ
∗
λ′ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
q2
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαγβ εˆ
∗
λ′
(
me + kˆe + kˆ − kˆe(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
q2
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe)
(
2keα − γαkˆe(x, y)z
)
εˆ∗λ′ γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
.
(D-8)
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Making a Wick rotation and integrating over q2 we arrive at the following expressions for the diagrams Fig. 4f and
Fig. 4g
MFig.4a(n→ pe−ν¯eγ)λ′ =
e2
96π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
[k2p(x, y)z
2 − 2kp · k xyz + µ2(1− z)]2
×
[
u¯p(~kp, σp)
(
2kαp − γαkˆp(x, y)z
)
εˆ∗λ′
(
mp + kˆp + kˆ − kˆp(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(
2keα + γαkˆp(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
e2
48π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
k2p(x, y)z
2 − 2kp · k xyz + µ2(1− z)
×
{1
2
[
u¯p(~kp, σp) γ
α εˆ∗λ′ γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe)
(
2keα + γαkˆp(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
4
[
u¯p(~kp, σp) γ
α γβ εˆ∗λ′
(
mp + kˆp + kˆ − kˆp(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γα γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
4
[
u¯p(~kp, σp)
(
2kαp − γαkˆp(x, y)z
)
εˆ∗λ′ γ
β γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5) vν(~kν ,+1
2
)
]}
(D-9)
and
MFig.4b(n→ pe−ν¯eγ)λ′ = −
e2
96π2
∫ 1
0
dx
∫ 1
o
dy 2 y
∫ 1
0
dz 3 z2
1
[k2e(x, y)z
2 − 2ke · k xyz + µ2(1− z)]2
×
{[
u¯p(~kp, σp)
(
2kαp + γ
αkˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)
(
2keα − γαkˆe(x, y)z
)
εˆ∗λ′
(
me + kˆe + kˆ − kˆe(x, y)z
)
γµ(1− γ5) vν(~kν ,+1
2
)
]
− e
2
48π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
k2e(x, y)z
2 − 2ke · k xyz + µ2(1− z)
×
{1
2
[
u¯p(~kp, σp)
(
2kαp + γ
αkˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα εˆ
∗
λ′ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
4
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γαγβ εˆ
∗
λ′
(
me + kˆe + kˆ − kˆe(x, y)z
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
4
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe)
(
2keα − γαkˆe(x, y)z
)
εˆ∗λ′ γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]}
.
(D-10)
For the analysis of the integrals over the Feynman parameters x, y and z it is convenient to rewrite Eq.(D-9) and
Eq.(D-10) as follows
MFig.4a(n→ pe−ν¯eγ)λ′ =
e2
96π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
[k2p(x, y)z
2 − 2kp · k xyz + µ2(1− z)]2
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×
{
4(kp · ke)
[
u¯p(~kp, σp) εˆ
∗
λ′
(
mp + kˆp + kˆ
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+2z
[
u¯p(~kp, σp) εˆ
∗
λ′
(
mp + kˆp + kˆ
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆpkˆp(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−4 z (kp · ke)
[
u¯p(~kp, σp) εˆ
∗
λ′ kˆp(x, y)z γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−2 z
[
u¯p(~kp, σp) kˆekˆp(x, y) εˆ
∗
λ′
(
mp + kˆp + kˆ
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+2 z2
[
u¯p(~kp, σp) kˆekˆp(x, y) εˆ
∗
λ′ kˆp(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−z2
[
u¯p(~kp, σp) γ
αkˆp(x, y) εˆ
∗
λ′
(
mp + kˆp + kˆ
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆp(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−2 z2
[
u¯p(~kp, σp) εˆ
∗
λ′ kˆp(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆpkˆp(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+z3
[
u¯p(~kp, σp) γ
αkˆp(x, y) εˆ
∗
λ′ kˆp(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆp(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]}
+
e2
48π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
k2p(x, y)z
2 − 2kp · k xyz + µ2(1 − z)
×
{[
u¯p(~kp, σp) kˆe εˆ
∗
λ′ γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
4
[
u¯p(~kp, σp) γ
α γβ εˆ∗λ′
(
mp + kˆp + kˆ
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
2
[
u¯p(~kp, σp) εˆ
∗
λ′ γ
β γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆp γβ γµ(1− γ5) vν(~kν ,+1
2
)
]
+
1
2
z
[
u¯p(~kp, σp) γ
α εˆ∗λ′ γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆp(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
z
[
u¯p(~kp, σp) γ
α γβ εˆ∗λ′ kˆp(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
z
[
u¯p(~kp, σp) γ
αkˆp(x, y) εˆ
∗
λ′ γ
β γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα γβ γµ(1− γ5) vν(~kν ,+1
2
)
]}
(D-11)
and
MFig.4b(n→ pe−ν¯eγ)λ′ = −
e2
96π2
∫ 1
0
dx
∫ 1
o
dy 2 y
∫ 1
0
dz 3 z2
1
[k2e(x, y)z
2 − 2ke · k xyz + µ2(1 − z)]2
×
{
4(kp · ke)
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
(
me + kˆe + kˆ
)
γµ(1− γ5) vν(~kν ,+1
2
)
]
−2 z
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆpkˆe(x, y) εˆ
∗
λ′
(
me + kˆe + kˆ
)
γµ(1 − γ5) vν(~kν ,+1
2
)
]
+2 z
[
u¯p(~kp, σp) kˆekˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′
(
me + kˆe + kˆ
)
γµ(1− γ5) vν(~kν ,+1
2
)
]
−4z (kp · ke)
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′ kˆe(x, y) γµ(1− γ5) vν(~kν ,+
1
2
)
]
−2 z2
[
u¯p(~kp, σp) kˆekˆe(x, y)z
)
γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′ kˆe(x, y) γµ(1− γ5) vν(~kν ,+
1
2
)
]
+2 z2
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆpkˆe(x, y) εˆ
∗
λ′ kˆe(x, y) γµ(1− γ5) vν(~kν ,+
1
2
)
]
−z2
[
u¯p(~kp, σp) γ
αkˆe(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆe(x, y) εˆ
∗
λ′
(
me + kˆe + kˆ
)
γµ(1− γ5) vν(~kν ,+1
2
)
]
+z3
[
u¯p(~kp, σp) γ
αkˆe(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆe(x, y) εˆ
∗
λ′ kˆe(x, y) γµ(1 − γ5) vν(~kν ,+
1
2
)
]
− e
2
48π2
∫ 1
0
dx
∫ 1
0
dy 2 y
∫ 1
0
dz 3 z2
1
k2e(x, y)z
2 − 2ke · k xyz + µ2(1− z)
×
{[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) kˆp εˆ
∗
λ′ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
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+
1
4
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαγβ εˆ
∗
λ′
(
me + kˆe + kˆ
)
γµ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
2
[
u¯p(~kp, σp) kˆe γ
β γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) εˆ
∗
λ′ γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
+
1
2
z
[
u¯p(~kp, σp) γ
αkˆe(x, y) γ
µ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γα εˆ
∗
λ′ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
z
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαγβ εˆ
∗
λ′ kˆe(x, y) γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]
−1
4
z
[
u¯p(~kp, σp) γ
α γβ γµ(1 + λγ5)un(~kn, σn)
] [
u¯e(~ke, σe) γαkˆe(x, y) εˆ
∗
λ′ γβ γ
µ(1 + λγ5) vν(~kν ,+
1
2
)
]}
. (D-12)
One may show that in the large proton mass expansion the amplitudes Eq.(D-11) and Eq.(D-12) behave as O(1/mp)
or even faster and vanish at mp → ∞. We assume that the contributions of other diagrams in Fig. 4 either cancel
a gauge–non-invariant part of the diagram Fig. 3c or is a constant, which can be removed by renormalization of the
Fermi weak coupling constant GF and the axial coupling constant λ [5].
Appendix E: The amplitude of the neutron radiative β−–decay, described by Feynman diagrams in Fig. 5
In this Appendix we calculate the diagrams in Fig. 5. These diagrams describe the process of the neutron radiative
β−–decay with emission of two real photons n→ p+ e−+ ν¯e + γ + γ. The contribution of these diagrams to the rate
of the neutron β−–decay is of order O(α2/π2) and after the integration over degrees of freedom of one of the photons
one may hardly distinguish such a contribution from that of the neutron radiative β−–decay with an emission of one
real photon. Since the contribution of the process, when photons are emitted by the proton, is suppressed to leading
order in the large proton mass expansion, we take into account only the emission of photons by the electron. The
analytical expression of the diagrams in Fig. 5 is given by
MFig.5(n→ pe−ν¯eγγ)λ′λ′′ = −e
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
{[
u¯e(~ke, σe) εˆ
∗
λ′(k)
1
me − kˆe − kˆ − i0
εˆ∗λ′′(q)
1
me − kˆe − kˆ − qˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)
]
+
[
u¯e(~ke, σe) εˆ
∗
λ′′(q)
1
me − kˆe − qˆ − i0
εˆ∗λ′(k)
1
me − kˆe − kˆ − qˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)
]}
, (E-1)
where the polarization vectors ε∗λ′(k) and ε
∗
λ′′(q) are taken in the physical gauge and obey the constraints
~k ·~ε ∗λ′ (k) = 0
and ~q · ~ε ∗λ′′(q) = 0, respectively, with k2 = q2 = 0. Then, we rewrite Eq.(E-1) as follows
MFig.5(n→ pe−ν¯eγγ)λ′λ′′ = −e
[
u¯p(~kp, σp) γ
µ(1 + λγ5)un(~kn, σn)
]
×
{ 1
2ke · k + i0
1
2ke · (k + q) + 2k · q + i0
×
[
u¯e(~ke, σe)
(
2ke · ε∗λ′ + εˆ∗λ′ kˆ
)
εˆ∗λ′′
(
me + kˆe + kˆ + qˆ
)
γµ(1 − γ5)vν(~kν ,+1
2
)
]
+
1
2ke · q + i0
1
2ke · (k + q) + 2k · q + i0
×
[
u¯e(~ke, σe)
(
2ke · ε∗λ′′ + εˆ∗λ′′ qˆ
)
εˆ∗λ′
(
me + kˆe + kˆ + qˆ
)
γµ(1− γ5)vν(~kν ,+1
2
)
]}
. (E-2)
In the non–relativistic proton approximation Eq.(E-2) takes the form
1
2mne
MFig.5(n→ pe−ν¯eγγ)λ′λ′′ = −
1
2ke · (k + q) + 2k · q + i0
×
{{
[ϕ†pϕn]
( 1
2ke · k + i0
[
u¯e(~ke, σe)
(
2ke · ε∗λ′ + εˆ∗λ′ kˆ
)
εˆ∗λ′′
(
me + kˆe + kˆ + qˆ
)
γ0 (1− γ5)vν(~kν ,+1
2
)
]
+
1
2ke · q + q2 + i0
[
u¯e(~ke, σe)
(
2ke · ε∗λ′′ + εˆ∗λ′′ qˆ
)
εˆ∗λ′
(
me + kˆe + kˆ + qˆ
)
γ0 (1 − γ5)vν(~kν ,+1
2
)
])}
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−λ
{
[ϕ†p ~σ ϕn] ·
( 1
2ke · k + i0
[
u¯e(~ke, σe)
(
2ke · ε∗λ′ + εˆ∗λ′ kˆ
)
εˆ∗λ′′
(
me + kˆe + kˆ + qˆ
)
~γ (1 − γ5)vν(~kν ,+1
2
)
]
+
1
2ke · q + i0
[
u¯e(~ke, σe)
(
2ke · ε∗λ′′ + εˆ∗λ′′ qˆ
)
εˆ∗λ′
(
me + kˆe + kˆ + qˆ
)
~γ (1 − γ5)vν(~kν ,+1
2
)
])}}
. (E-3)
The hermitian conjugate amplitude is equal to
1
2mne
M†
Fig.5(n→ pe
−ν¯eγγ)λ′λ′′ = − 1
2ke · (k + q) + 2k · q − i0
×
{{
[ϕ†nϕp]
( 1
2ke · k − i0
[
v¯ν(~kν ,+
1
2
)γ0(1− γ5)
(
me + kˆe + kˆ + qˆ
)
εˆλ′′
(
2ke · ελ′ + kˆ εˆλ′
)
ue(~ke, σe)
]
+
1
2ke · q − i0
[
v¯ν(~kν ,+
1
2
)γ0(1− γ5)
(
me + kˆe + kˆ + qˆ
)
εˆλ′
(
2ke · ελ′′ + qˆ εˆλ′′
)
ue(~ke, σe)
])}
−λ
{
[ϕ†p ~σ ϕn] ·
( 1
2ke · k − i0
[
v¯ν(~kν ,+
1
2
)~γ (1− γ5)
(
me + kˆe + kˆ + qˆ
)
εˆλ′′
(
2ke · ελ′ + kˆ εˆλ′
)
ue(~ke, σe)
]
+
1
2ke · q − i0
[
v¯ν(~kν ,+
1
2
)~γ (1− γ5)
(
me + kˆe + kˆ + qˆ
)
εˆλ′
(
2ke · ελ′′ + qˆ εˆλ′′
)
ue(~ke, σe)
])}}
. (E-4)
The squared absolute value of the amplitude Eq.(E-3) averaged over the neutron spin and summed over the polariza-
tions of the proton and electron
1
2
∑
pol
|MFig.5(n→ pe−ν¯eγγ)λ′λ′′ |2
4m2ne
2
=
1
(2ke · (k + q) + 2k · q)2
{ 1
(2ke · k)2 tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′
×(me + kˆe + kˆ + qˆ)γ0(1− γ5)kˆνγ0(1− γ5)(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}+ 1
2ke · k
1
2ke · q
×tr{(me + kˆe)(2ke · ε∗λ′′ + εˆ∗λ′′ qˆ)εˆ∗λ′(me + kˆe + kˆ + qˆ)γ0(1− γ5)kˆνγ0(1− γ5)(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}
+
1
2ke · k
1
2ke · q tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′ (me + kˆe + kˆ + qˆ)γ
0(1− γ5)kˆνγ0(1 − γ5)(me + kˆe + kˆ + qˆ)
×εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}+ 1
(2ke · q)2 tr{(me + kˆe)(2ke · ε
∗
λ′′ + εˆ
∗
λ′′ qˆ)εˆ
∗
λ′(me + kˆe + kˆ + qˆ)γ
0(1− γ5)kˆνγ0(1− γ5)
×(me + kˆe + kˆ + qˆ)εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}
}
+
λ2 δij
(2ke · (k + q) + 2k · q)2
{ 1
(2ke · k)2 tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′
×(me + kˆe + kˆ + qˆ)γi(1 − γ5)kˆνγj(1− γ5)(me + kˆe + kˆ + qˆ)εˆλ′′ (2ke · ελ′ + kˆεˆλ′)}+ 1
2ke · k
1
2ke · q
×tr{(me + kˆe)(2ke · ε∗λ′′ + εˆ∗λ′′ qˆ)εˆ∗λ′(me + kˆe + kˆ + qˆ)γi(1 − γ5)kˆνγj(1− γ5)(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}
+
1
2ke · k
1
2ke · q tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′ (me + kˆe + kˆ + qˆ)γ
j(1 − γ5)kˆνγi(1− γ5)(me + kˆe + kˆ + qˆ)
×εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}+ 1
(2ke · q)2 tr{(me + kˆe)(2ke · ε
∗
λ′′ + εˆ
∗
λ′′ qˆ)εˆ
∗
λ′(me + kˆe + kˆ + qˆ)γ
i(1− γ5)kˆνγj(1− γ5)
×(me + kˆe + kˆ + qˆ)εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}
}
. (E-5)
For the subsequent calculation we omit the traces with the γ5–matrix, which should not contribute to the rate of the
neutron radiative β−-decay with two photons in the final state. This gives
1
2
∑
pol
|MFig.5(n→ pe−ν¯eγγ)λ′λ′′ |2
8m2ne
2
=
1
(2ke · (k + q) + 2k · q)2
{ 1
(2ke · k)2 tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′
×(me + kˆe + kˆ + qˆ)γ0kˆνγ0(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}+ 1
2ke · k
1
2ke · q
×tr{(me + kˆe)(2ke · ε∗λ′′ + εˆ∗λ′′ qˆ)εˆ∗λ′(me + kˆe + kˆ + qˆ)γ0kˆνγ0(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}
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+
1
2ke · k
1
2ke · q tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′(me + kˆe + kˆ + qˆ)γ
0kˆνγ
0(me + kˆe + kˆ + qˆ)
×εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}+ 1
(2ke · q)2 tr{(me + kˆe)(2ke · ε
∗
λ′′ + εˆ
∗
λ′′ qˆ)εˆ
∗
λ′(me + kˆe + kˆ + qˆ)γ
0kˆνγ
0
×(me + kˆe + kˆ + qˆ)εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}
}
+
λ2 δij
(2ke · (k + q) + 2k · q)2
{ 1
(2ke · k)2 tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′
×(me + kˆe + kˆ + qˆ)γikˆνγj(me + kˆe + kˆ + qˆ)εˆλ′′ (2ke · ελ′ + kˆεˆλ′)}+ 1
2ke · k
1
2ke · q
×tr{(me + kˆe)(2ke · ε∗λ′′ + εˆ∗λ′′ qˆ)εˆ∗λ′(me + kˆe + kˆ + qˆ)~γ ikˆν~γ j(me + kˆe + kˆ + qˆ)εˆλ′′(2ke · ελ′ + kˆεˆλ′)}
+
1
2ke · k
1
2ke · q tr{(me + kˆe)(2ke · ε
∗
λ′ + εˆ
∗
λ′ kˆ)εˆ
∗
λ′′(me + kˆe + kˆ + qˆ)~γ
j kˆν~γ
i(me + kˆe + kˆ + qˆ)
×εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}+ 1
(2ke · q)2 tr{(me + kˆe)(2ke · ε
∗
λ′′ + εˆ
∗
λ′′ qˆ)εˆ
∗
λ′(me + kˆe + kˆ + qˆ)~γ
ikˆν~γ
j
×(me + kˆe + kˆ + qˆ)εˆλ′(2ke · ελ′′ + qˆεˆλ′′)}
}
. (E-6)
Then, we average over directions of the antineutrino momentum ~kν and sum over polarizations of photons. This gives∫
dΩν
4π
1
2
∑
pol,λ′,λ′′
|MFig.5(n→ pe−ν¯eγγ)λ′λ′′ |2
8m2ne
2(1 + 3λ2)Eν
=
1
(2ke · (k + q) + 2k · q)2
×
{ 1
(2ke · k)2
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)}
+
1
2ke · k
1
2ke · q
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′′ + εˆ∗λ′′ qˆ) εˆ∗λ′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)}
+
1
2ke · k
1
2ke · q
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′(2ke · ελ′′ + qˆ εˆλ′′)}
+
1
(2ke · q)2
∑
λ′,λ′′
tr{(me + kˆe)(2ke · ε∗λ′′ + εˆ∗λ′′ qˆ) εˆ∗λ′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ)εˆλ′ (2ke · ελ′′ + qˆ εˆλ′′)}
}
.
(E-7)
For the calculation of the contribution of the diagram Fig. 5 to the rate of the neutron radiative β−–decay with two
photons in the final state we have to sum over the photon physical degrees of freedom only. For this aim we use the
following relations [10, 15]
~k · ~ε ∗λ′ = ~k · ~ελ′ = 0 , ~ε ∗λ′ · ~ελ¯′ = δλ′λ¯′ , ~q · ~ε ∗λ′′ = ~q · ~ελ′′ = 0 , ~ε ∗λ′′ · ~ελ¯′′ = δλ′′λ¯′′ ,∑
λ′=1,2
~ε i∗λ′ ~ε
j
λ′ = δ
ij −
~k i~k j
ω2
= δij − ~n i~k ~n
j
~k
,
∑
λ′′=1,2
~ε i∗λ′′~ε
j
λ′′ = δ
ij − ~q
i~q j
q20
= δij − ~n i~q ~n j~q , (E-8)
where ω and q0 are photon energies and ~n~k =
~k/ω and ~n~q = ~q/q0 are unit vectors directed along photon momenta.
For the traces in Eq.(E-7) we obtain the following expressions∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)} =
= 64 q0
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)− (Ee + ω)ω (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
)
+ 64 (Ee + ω + q0)
×
(
k2e − (~ke · ~n~k)2
)(
k2e − (~ke · ~n~q)2
)
+ 128 (Ee + ω + q0)ω
(
k2e − (~ke · ~n~k)2
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
+64 (Ee + ω + q0)ω
2
(
k2e − (~ke · ~n~k)2
)(
1− (~n~k · ~n~q)2
)
− 64 (Ee + ω + q0)ω
(
Ee − ~ke · ~n~k
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 64 (Ee + ω + q0)ω
2
(
Ee − ~ke · ~n~k
)
(~n~k · ~n~q)
(
(~ke · ~n~q)− (~ke · ~n~k)
44
× (~n~k · ~n~q)
)
− 64 (Ee + ω + q0)ω q0 (Ee − ~ke · ~n~k)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
+ 64 (Ee + ω + q0)ω
2
× (Ee − ~ke · ~n~k)
(
Ee − (~ke · ~n~q)(~n~k · ~n~q) + ω (1− (~n~k · ~n~q)2) + q0 (1− ~n~k · ~n~q)
)
− 64ω2
(
ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q) + ω q0 (1 − ~n~k · ~n~q)
)
(E-9)
and∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′′ + εˆ∗λ′′ qˆ) εˆ∗λ′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)} =
= −32m2e (Ee + ω + q0)
(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
− 32m2e ω (Ee + ω + q0)
×
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
− 32m2e q0 (Ee + ω + q0)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
− 32m2e ω q0
× (Ee + ω + q0)
(
1− ~n~k · ~n~q
)
− 32Ee
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1 − ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 32ω (Ee + ω + q0)
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 64 (Ee + ω + q0)
(
k2e − (~ke · ~n~k)2
) [(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)
−(~ke · ~n~q) (~n~q · ~n~k)
)]
+ 32ω
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~q)2
)
−32ωEe
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
−32ω
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)
× (~n~k · ~n~q)
)
+ 32ω (Ee + ω + q0)
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)
× (~ke · ~n~q)(~n~k · ~n~q)
)
+ 32ω (Ee + ω + q0)
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
) [(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)− (~ke · ~n~k)
× (~n~q · ~n~k)
)]
+ 32ω (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
−32ω (Ee + ω + q0)
(
(Ee − ~ke · ~n~k) + q0 (1 − ~n~k · ~n~q)
)(
k2e − (~ke · ~n~q)2
)
+ 32ω (Ee + ω + q0) (Ee − ~ke · ~n~k)
×
[(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
− 32 q0Ee
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
+ω q0 (1− ~n~k · ~n~q)
)(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
+ 32 q0
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
+ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
)
− 32 q0
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)
×
(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 32 q0 (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q)
)(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
+ 32 q0 (Ee + ω + q0) (Ee − ~ke · ~n~k)
×
[(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
− 32 q0 (Ee + ω + q0)
(
(Ee − ~ke · ~n~q)
+ω (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
)
+ 32 q0 (Ee + ω + q0)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
) [(
k2e − (~ke · ~n~q)2
)
+ω
(
(~ke · ~n~k)− (~ke · ~n~q) (~n~k · ~n~q)
)]
+ 32 q0 (Ee + ω + q0)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q) (~n~k · ~n~q)
)
− 8m2e ω q0
(
1− (~n~k · ~n~q)2
)(
Ee(1 + ~n~k · ~n~q)− (~ke · ~n~k)− (~ke · ~n~q)
)
−8m2e ω q0 (~n~k · ~n~q)
(
(~ke · ~n~q)− (~ke · ~n~k) (~n~q · ~n~k)
)
+ 8m2e ω q0 (Ee − ω) (~n~q · ~n~k)
(
1− (~n~q · ~n~k)2
)
+8ω q0
(
1− (~n~k · ~n~q)2
)(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1 − ~n~k · ~n~q)
)
+
[
8 q0
(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1− ~n~k · ~n~q)
)
− 16ω q0 (Ee + ω + q0)
×
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)]
(~n~k · ~n~q)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
− 8ω q0
[
(Ee − ω)
45
×
(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1− ~n~k · ~n~q)
)
− 2 (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q)
)]
(~n~k · ~n~q)
(
1− (~n~k · ~n~q)2
)
− 16ω q0 (Ee + ω + q0)
(
1− (~n~k · ~n~q)2
) [
(Ee − ~ke · ~n~q)
×
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)
+ (Ee − ~ke · ~n~k)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)
−
(
m2e + ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q)
)]
+ 32ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)− (~ke · ~n~k)
× (~n~q · ~n~k)
)]
− 32ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~q)
[
ω
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
+32ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)− (~ke · ~n~q) (~n~k · ~n~q)
)]
−16ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q) (~n~k · ~n~q)
)
− ω (~n~k · ~n~q)
×
(
(~ke · ~n~q)− (~ke · ~n~k)
)]
−16ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~k) (~n~k · ~n~q)
[
ω
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
−16ω q0 (Ee + ω + q0) (~n~k · ~n~q)
(
(Ee − ~ke · ~n~k) + q0 (1 − ~n~k · ~n~q)
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
−16ω q0 (Ee + ω + q0) (~n~k · ~n~q) (Ee − ~ke · ~n~k)
[
q0
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
−16ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
−q0 (~n~k · ~n~q)
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
− 32ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~k)
[(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
+q0
(
1− (~n~k · ~n~q)2
)]
. (E-10)
The last two traces in Eq.(E-7) can be obtained from Eq.(E-9) and Eq.(E-10) by a replacement ω ←→ q0 and
~n~k ←→ ~n~q, respectively.
The rate of the neutron radiative β−–decay with two photons in the final state is defined by
λ
(Fig.5)
βγγ =
1
2mn
1
2
∫
1
2
∑
pol.,λ′,λ′′
|M(n→ p e− ν¯e γγ)λ′λ′′ |2 (2π)4 δ(4)(kn − kp − ke − kν − k − q)
× d
3kp
(2π)32Ep
d3ke
(2π)32Ee
d3kν
(2π)32Eν
d3k
(2π)32ω
d3q
(2π)32q0
, (E-11)
where the factor 1/2 in front of the integral takes into account the identity of photons in the final state. A relation
of the amplitude M(n → p e− ν¯e γγ)λ′λ′′ to the amplitude M(n → p e− ν¯e γγ)λ′λ′′ is given by Eq.(A-1). Having
integrated over the degrees of freedom of the photon with 4–momentum q and keeping the energy of the photon with
4–momentum k within the interval ωmin ≤ ω ≤ ωmax the rate of the two photon radiative β−–decay of the neutron is
given by
λ
(Fig.5)
βγγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2F |Vud|2
16π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe ke F (Ee, Z = 1)
∫ E0−Ee−ω
0
dq0 (E0 − Ee − ω − q0)2
×
∫
dΩeγ
4π
∫
dΩeγ′
4π
∫
dΩν
4π
1
2
∑
pol,λ′,λ′′
|MFig.5(n→ pe−ν¯eγγ)λ′λ′′ |2
8m2ne
2(1 + 3λ2)Eν
, (E-12)
where dΩeγ and dΩeγ′ are the elements of the solid angles of the electron–photon correlations of photons with 3–
momenta ~k and ~q, respectively. Then, we introduce the notation
∫
dΩν
4π
1
2
∑
pol,λ′,λ′′
|MFig.5(n→ pe−ν¯eγγ)λ′λ′′ |2
8m2ne
2(1 + 3λ2)Eν
= ρ
(1)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) + ρ
(2)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q)
+ ρ
(2)
eγγ′(Ee,
~ke, q0, ~n~q, ω, ~n~k), (E-13)
46
where we have denoted
ρ
(1)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) =
1
ω
q0(
(ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)2 1
(Ee − ~ke · ~n~k)2
× 1
8
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)} (E-14)
and
ρ
(2)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) =
1(
(ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)2 1
Ee − ~ke · ~n~k
1
Ee − ~ke · ~n~q
× 1
16
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′′ + εˆ∗λ′′ qˆ) εˆ∗λ′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′′ (2ke · ελ′ + kˆ εˆλ′)} (E-15)
and
ρ
(2)
eγγ′(Ee,
~ke, q0, ~n~q, ω, ~n~k) =
1(
(ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)2 1
Ee − ~ke · ~n~k
1
Ee − ~ke · ~n~q
× 1
16
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′(2ke · ελ′′ + qˆ εˆλ′′)}. (E-16)
For the trace in Eq.(E-16) we obtain the following expression
∑
λ′,λ′′
tr{(me + kˆe) (2ke · ε∗λ′ + εˆ∗λ′ kˆ) εˆ∗λ′′ (me + kˆe + kˆ + qˆ) γ0 (me + kˆe + kˆ + qˆ) εˆλ′(2ke · ελ′′ + qˆ εˆλ′′)} =
= −32m2e (Ee + ω + q0)
(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
− 32m2e ω (Ee + ω + q0)
×
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
− 32m2e q0 (Ee + ω + q0)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
− 32m2e ω q0
× (Ee + ω + q0)
(
1− ~n~k · ~n~q
)
− 32Ee
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1 − ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 32 q0 (Ee + ω + q0)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 64 (Ee + ω + q0)
(
k2e − (~ke · ~n~q)2
) [(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)
−(~ke · ~n~k) (~n~q · ~n~k)
)]
+ 32 q0
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
)
−32 q0Ee
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
−32 q0
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)
× (~n~k · ~n~q)
)
+ 32 q0 (Ee + ω + q0)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)
× (~ke · ~n~q)(~n~k · ~n~q)
)
+ 32 q0 (Ee + ω + q0)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
) [(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)− (~ke · ~n~q)
× (~n~k · ~n~q)
)]
+ 32 q0 (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
)(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)
−32 q0 (Ee + ω + q0)
(
(Ee − ~ke · ~n~q) + ω (1 − ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
)
+ 32 q0 (Ee + ω + q0) (Ee − ~ke · ~n~q)
×
[(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
− 32 ωEe
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
+ω q0 (1− ~n~k · ~n~q)
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
+ 32ω
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q)
+ω q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~q)2
)
− 32ω
(
ω (Ee − ~ke · ~n~k) + q0 (Ee − ~ke · ~n~q) + ω q0 (1− ~n~k · ~n~q)
)
×
(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
+ 32ω (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k)
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+q0 (Ee − ~ke · ~n~q)
)(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
+ 32ω (Ee + ω + q0) (Ee − ~ke · ~n~q)
×
[(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
− 32ω (Ee + ω + q0)
(
(Ee − ~ke · ~n~k)
+q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~q)2
)
+ 32ω (Ee + ω + q0)
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
) [(
k2e − (~ke · ~n~k)2
)
+q0
(
(~ke · ~n~q)− (~ke · ~n~k) (~n~q · ~n~k)
)]
+ 32ω (Ee + ω + q0)
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)(
k2e − (~ke · ~n~k)2
−(~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q) (~n~k · ~n~q)
)
− 8m2e ω q0
(
1− (~n~k · ~n~q)2
)(
Ee(1 + ~n~k · ~n~q)− (~ke · ~n~k)− (~ke · ~n~q)
)
−8m2e ω q0 (~n~k · ~n~q)
(
(~ke · ~n~k)− (~ke · ~n~q)) (~n~k · ~n~q)
)
+ 8m2e ω q0 (Ee − q0) (~n~q · ~n~k)
(
1− (~n~q · ~n~k)2
)
+8ω q0
(
1− (~n~k · ~n~q)2
)(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1− ~n~k · ~n~q)
)
+
[
8ω
(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1− ~n~k · ~n~q)
)
− 16ω q0 (Ee + ω + q0)
×
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)]
(~n~k · ~n~q)
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
− 8ω q0
[
(Ee − q0)
×
(
m2e + 2ω (Ee − ~ke · ~n~k) + 2 q0 (Ee − ~ke · ~n~q) + 2ω q0 (1− ~n~k · ~n~q)
)
− 2 (Ee + ω + q0)
(
m2e + ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q)
)]
(~n~k · ~n~q)
(
1− (~n~k · ~n~q)2
)
− 16ω q0 (Ee + ω + q0)
(
1− (~n~k · ~n~q)2
) [
(Ee − ~ke · ~n~q)
×
(
(Ee − ~ke · ~n~k) + q0 (1− ~n~k · ~n~q)
)
+ (Ee − ~ke · ~n~k)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)
−
(
m2e + ω (Ee − ~ke · ~n~k)
+q0 (Ee − ~ke · ~n~q)
)]
+ 32ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~q)2
)
+ ω
(
(~ke · ~n~k)− (~ke · ~n~q)
× (~n~k · ~n~q)
)]
− 32ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~k)
[
q0
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
+32ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~k
) [(
k2e − (~ke · ~n~k)2
)
+ q0
(
(~ke · ~n~q)− (~ke · ~n~k) (~n~q · ~n~k)
)]
−16ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q) (~n~k · ~n~q)
)
− q0 (~n~k · ~n~q)
×
(
(~ke · ~n~k)− (~ke · ~n~q)
)]
−16ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~q) (~n~k · ~n~q)
[
q0
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
−16ω q0 (Ee + ω + q0) (~n~k · ~n~q)
(
(Ee − ~ke · ~n~q) + ω (1− ~n~k · ~n~q)
)(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
−16ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~q) (~n~k · ~n~q)
[
ω
(
1− (~n~k · ~n~q)2
)
+
(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)]
−16ω q0 (Ee + ω + q0)
(
1− ~n~k · ~n~q
) [(
k2e − (~ke · ~n~k)2 − (~ke · ~n~q)2 + (~ke · ~n~k)(~ke · ~n~q)(~n~k · ~n~q)
)
−ω (~n~k · ~n~q)
(
(~ke · ~n~q)− (~ke · ~n~k)(~n~q · ~n~k)
)]
− 32ω q0 (Ee + ω + q0) (Ee − ~ke · ~n~q)
[(
(~ke · ~n~k)− (~ke · ~n~q)(~n~k · ~n~q)
)
+ω
(
1− (~n~k · ~n~q)2
)]
. (E-17)
Thus, the rate of the neutron radiative β−–decay with two photons in the final state for one of the photons from the
energy region ωmin ≤ ω ≤ ωmax is given by
λ
(Fig.5)
βγγ (ωmax, ωmin) = (1 + 3λ
2)
α2
π2
G2F |Vud|2
16π3
∫ ωmax
ωmin
dω
∫ E0−ω
me
dEe ke F (Ee, Z = 1)
∫ E0−Ee−ω
0
dq0 (E0 − Ee − ω − q0)2
×
∫
dΩeγ
4π
∫
dΩeγ′
4π
(
ρ
(1)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) + ρ
(2)
eγγ′(Ee,
~ke, ω, ~n~k, q0, ~n~q) + ρ
(2)
eγγ′(Ee,
~ke, q0, ~n~q, ω, ~n~k)
)
. (E-18)
For the numerical calculation we use the following definitions
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∫
dΩeγ
4π
. . . =
1
4π
∫ π
0
dϑeγ sinϑeγ
∫ 2π
0
dϕeγ . . . ,
∫
dΩeγ′
4π
. . . =
1
4π
∫ π
0
dϑeγ′ sinϑeγ′
∫ 2π
0
dϕeγ′ . . . ,
~ke · ~n~k = ke cosϑeγ ,
~ke · ~n~q = ke cosϑeγ′ ,
~n~k · ~n~q = cosϑeγ cosϑeγ′ + sinϑeγ sinϑeγ′ cos(ϕeγ − ϕeγ′). (E-19)
The integrals in Eq.(E-18) we calculate for three photon energy regions 15 keV ≤ ω ≤ 340 keV, 14 keV ≤ ω ≤ 782 keV
and 0.4 keV ≤ ω ≤ 14 keV, respectively.
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